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Preface

When mathematical modelling is used to describe physical, biological or chemical
phenomena, one of the most common results is either a differential equation or
a system of differential equations, together with appropriate boundary and initial
conditions. These differential equations may be ordinary or partial, and finding
and interpreting their solution is at the heart of applied mathematics. A thorough
introduction to differential equations is therefore a necessary part of the education
of any applied mathematician, and this book is aimed at building up skills in this
area. For similar reasons, the book should also be of use to mathematically-inclined
physicists and engineers.

Although the importance of studying differential equations is not generally in
question, exactly how the theory of differential equations should be taught, and
what aspects should be emphasized, is more controversial. In our experience, text-
books on differential equations usually fall into one of two categories. Firstly, there
is the type of textbook that emphasizes the importance of abstract mathematical
results, proving each of its theorems with full mathematical rigour. Such textbooks
are usually aimed at graduate students, and are inappropriate for the average un-
dergraduate. Secondly, there is the type of textbook that shows the student how
to construct solutions of differential equations, with particular emphasis on algo-
rithmic methods. These textbooks often tackle only linear equations, and have no
pretension to mathematical rigour. However, they are usually well-stocked with
interesting examples, and often include sections on numerical solution methods.

In this textbook, we steer a course between these two extremes, starting at the
level of preparedness of a typical, but well-motivated, second year undergraduate
at a British university. As such, the book begins in an unsophisticated style with
the clear objective of obtaining quantitative results for a particular linear ordi-
nary differential equation. The text is, however, written in a progressive manner,
with the aim of developing a deeper understanding of ordinary and partial differ-
ential equations, including conditions for the existence and uniqueness of solutions,
solutions by group theoretical and asymptotic methods, the basic ideas of con-
trol theory, and nonlinear systems, including bifurcation theory and chaos. The
emphasis of the book is on analytical and asymptotic solution methods. However,
where appropriate, we have supplemented the text by including numerical solutions
and graphs produced using MATLABTY, version 6. We assume some knowledge of

t MATLAB is a registered trademark of The MathWorks, Inc.
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MATLAB (summarized in Appendix 7), but explain any nontrivial aspects as they
arise. Where mathematical rigour is required, we have presented the appropriate
analysis, on the basis that the student has taken first courses in analysis and linear
algebra. We have, however, avoided any functional analysis. Most of the material
in the book has been taught by us in courses for undergraduates at the University
of Birmingham. This has given us some insight into what students find difficult,
and, as a consequence, what needs to be emphasized and re-iterated.

The book is divided into two parts. In the first of these, we tackle linear differ-
ential equations. The first three chapters are concerned with variable coefficient,
linear, second order ordinary differential equations, emphasizing the methods of
reduction of order and variation of parameters, and series solution by the method
of Frobenius. In particular, we discuss Legendre functions (Chapter 2) and Bessel
functions (Chapter 3) in detail, and motivate this by giving examples of how they
arise in real modelling problems. These examples lead to partial differential equa-
tions, and we use separation of variables to obtain Legendre’s and Bessel’s equa-
tions. In Chapter 4, the emphasis is on boundary value problems, and we show
how these differ from initial value problems. We introduce Sturm-Liouville theory
in this chapter, and prove various results on eigenvalue problems. The next two
chapters of the first part of the book are concerned with Fourier series, and Fourier
and Laplace transforms. We discuss in detail the convergence of Fourier series, since
the analysis involved is far more straightforward than that associated with other
basis functions. Our approach to Fourier transforms involves a short introduction
to the theory of generalized functions. The advantage of this approach is that a
discussion of what types of function possess a Fourier transform is straightforward,
since all generalized functions possess a Fourier transform. We show how Fourier
transforms can be used to construct the free space Green’s function for both ordi-
nary and partial differential equations. We also use Fourier transforms to derive
the solutions of the Dirichlet and Neumann problems for Laplace’s equation. Our
discussion of the Laplace transform includes an outline proof of the inversion the-
orem, and several examples of physical problems, for example involving diffusion,
that can be solved by this method. In Chapter 7 we discuss the classification of
linear, second order partial differential equations, emphasizing the reasons why the
canonical examples of elliptic, parabolic and hyperbolic equations, namely Laplace’s
equation, the diffusion equation and the wave equation, have the properties that
they do. We also consider complex variable methods for solving Laplace’s equation,
emphasizing their application to problems in fluid mechanics.

The second part of the book is concerned with nonlinear problems and more
advanced techniques. Although we have used a lot of the material in Chapters 9
and 14 (phase plane techniques and control theory) in a course for second year
undergraduates, the bulk of the material here is aimed at third year students. We
begin in Chapter 8 with a brief introduction to the rigorous analysis of ordinary
differential equations. Here the emphasis is on existence, uniqueness and com-
parison theorems. In Chapter 9 we introduce the phase plane and its associated
techniques. This is the first of three chapters (the others being Chapters 13 and 15)
that form an introduction to the theory of nonlinear ordinary differential equations,
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often known as dynamical systems. In Chapter 10, we show how the ideas of group
theory can be used to find exact solutions of ordinary and partial differential equa-
tions. In Chapters 11 and 12 we discuss the theory and practice of asymptotic
analysis. After discussing the basic ideas at the beginning of Chapter 11, we move
on to study the three most important techniques for the asymptotic evaluation of
integrals: Laplace’s method, the method of stationary phase and the method of
steepest descents. Chapter 12 is devoted to the asymptotic solution of differential
equations, and we introduce the method of matched asymptotic expansions, and
the associated idea of asymptotic matching, the method of multiple scales, includ-
ing Kuzmak’s method for analysing the slow damping of nonlinear oscillators, and
the WKB expansion. We illustrate each of these methods with a wide variety of
examples, for both nonlinear ordinary differential equations and partial differential
equations. In Chapter 13 we cover the centre manifold theorem, Lyapunov func-
tions and an introduction to bifurcation theory. Chapter 14 is about time-optimal
control theory in the phase plane, and includes a discussion of the controllability
matrix and the time-optimal maximum principle for second order linear systems of
ordinary differential equations. Chapter 15 is on chaotic systems, and, after some
illustrative examples, emphasizes the theory of homoclinic tangles and Mel’'nikov
theory.

There is a set of exercises at the end of each chapter. Harder exercises are
marked with a star, and many chapters include a project, which is rather longer
than the average exercise, and whose solution involves searches in the library or on
the Internet, and deeper study. Bona fide teachers and instructors can obtain full
worked solutions to many of the exercises by emailing solutions@cambridge.org.

In order to follow many of the ideas and calculations that we describe in this
book, and to fully appreciate the more advanced material, the reader may need
to acquire (or refresh) some basic skills. These are covered in the appendices,
and fall into six basic areas: linear algebra, continuity and differentiability, power
series, sequences and series of functions, ordinary differential equations and complex
variables.

We would like to thank our friends and colleagues, Adam Burbidge (Nestlé Re-
search Centre, Lausanne), Norrie Everitt (Birmingham), Chris Good (Birming-
ham), Ray Jones (Birmingham), John King (Nottingham), Dave Needham (Read-
ing), Nigel Scott (East Anglia) and Warren Smith (Birmingham), who read and
commented on one or more chapters of the book before it was published. Any
nonsense remaining is, of course, our fault and not theirs.

ACK, JB and SRO, Birmingham 2002
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Linear Equations






CHAPTER ONE

Variable Coefficient, Second Order, Linear,
Ordinary Differential Equations

Many physical, chemical and biological systems can be described using mathemat-
ical models. Once the model is formulated, we usually need to solve a differential
equation in order to predict and quantify the features of the system being mod-
elled. As a precursor to this, we consider linear, second order ordinary differential
equations of the form

d2

Pla )dx2

+Q(z )*+R( )y = F(x),

with P(x), Q(z) and R(z) finite polynomials that contain no common factor. This

equation is inhomogeneous and has variable coefficients. The form of these poly-

nomials varies according to the underlying physical problem that we are studying.

However, we will postpone any discussion of the physical origin of such equations

until we have considered some classical mathematical models in Chapters 2 and 3.
After dividing through by P(z), we obtain the more convenient, equivalent form,

2
Y @)Yt aoe)y = f(a). (1)
This process is mathematically legitimate, provided that P(z) # 0. If P(z¢) =0
at some point x = =z, it is not legitimate, and we call zy a singular point of the
equation. If P(xg) # 0, zg is a regular or ordinary point of the equation. If
P(z) # 0 for all points z in the interval where we want to solve the equation, we
say that the equation is nonsingular, or regular, on the interval.

We usually need to solve (1.1) subject to either initial conditions of the form
y(a) = a, y'(a) =  or boundary conditions, of which y(a) = a and y(b) =
are typical examples. It is worth reminding ourselves that, given the ordinary dif-
ferential equation and initial conditions (an initial value problem), the objective
is to determine the solution for other values of x, typically, x > a, as illustrated in
Figure 1.1. As an example, consider a projectile. The initial conditions are the po-
sition of the projectile and the speed and angle to the horizontal at which it is fired.
We then want to know the path of the projectile, given these initial conditions.

For initial value problems of this form, it is possible to show that:

(i) If aq(z), ag(x) and f(z) are continuous on some open interval I that contains
the initial point a, a unique solution of the initial value problem exists on
the interval I, as we shall demonstrate in Chapter 8.
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y
giveny(a) = a
andy'(a) =
calculate the
N | solution for x > a
|
|
|
|
a X

Fig. 1.1. An initial value problem.

(ii) The structure of the solution of the initial value problem is of the form

y=  Aui(z)+ Bus(z) + G(z),
——

Complementary function Particular integral

where A, B are constants that are fixed by the initial conditions and wu;(x)
and ug(z) are linearly independent solutions of the corresponding homoge-
neous problem y” + a1 (z)y’ + ao(x)y = 0.

These results can be proved rigorously, but nonconstructively, by studying the
operator

%y

d
@) 7+ aola)y,

Ly = dz
and regarding L : C%(I) — C°(I) as a linear transformation from the space of
twice-differentiable functions defined on the interval I to the space of continuous
functions defined on I. The solutions of the homogeneous equation are elements
of the null space of L. This subspace is completely determined once its basis
is known. The solution of the inhomogeneous problem, Ly = f, is then given
formally as y = L~!f. Unfortunately, if we actually want to construct the solution
of a particular equation, there is a lot more work to do.

Before we try to construct the general solution of the inhomogeneous initial value
problem, we will outline a series of subproblems that are more tractable.



1.1 THE METHOD OF REDUCTION OF ORDER
1.1 The Method of Reduction of Order

As a first simplification we discuss the solution of the homogeneous differential
equation

%y dy
@—l—al(x)% + ag(x)y =0, (1.2)
on the assumption that we know one solution, say y(x) = u1(x), and only need to
find the second solution. We will look for a solution of the form y(x) = U(x)u (z).
Differentiating y(x) using the product rule gives

dy dU duq
2 iy
o T @
d?y d?U dU du, d?uy
Rt TR L
PR R e P e
If we substitute these expressions into (1.2) we obtain
d 2U dU du1 d 2U1 dU du1
2——+U — U— Uuy = 0.
R iz e () (dm U ) +ao(z)Uus

We can now collect terms to get

d2U1 du1 d2U dU dU1
— — —+ — (2— =0.
U( e + a1 () dr +a0(x)u1> tus T2y Tanm

Now, since ui(x) is a solution of (1.2), the term multiplying U is zero. We have
therefore obtained a differential equation for dU/dz, and, by defining Z = dU/dx,
have

dZ d
u— + Z <2U1 + a1u1> =0.
dx dx

Dividing through by Zu; we have

which can be integrated directly to yield
x
log | Z] + 2log |u1] +/ ay1(s)ds =C,
where s is a dummy variable, for some constant C'. Thus

c * au
7Z = u%exp{—/ al(s)ds} =

where ¢ = e©. This can then be integrated to give

U(x):/mu%c(t)exp{—/tal(s)ds} dt + ¢,

for some constant ¢. The solution is therefore
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y(z) = ur(z) /xuzlc(t)exp{—/tal(s)ds} dt + éus ().

We can recognize ¢u(z) as the part of the complementary function that we knew
to start with, and

s (x) = ul(x)/zu%l(t) exp {—/tal(s)ds} dt (1.3)

as the second part of the complementary function. This result is called the reduc-
tion of order formula.

Ezample
Let’s try to determine the full solution of the differential equation
d?y dy
—2x— 42y =0,
Sr gt

given that y = ui(x) = z is a solution. We firstly write the equation in standard
form as

(1—2?

d?y 2x  dy 2

£y &y —0.
dz?2 1—22dx 1—x2y

Comparing this with (1.2), we have a;(z) = —2x/(1 — 22). After noting that

! k 2s 9
/al(s)ds:/ —1_82(15:log(1—t)7

the reduction of order formula gives

dt

X
=z —e log(1 — t dt =z —_—
/ p{-losl =) = | 21—
We can express the integrand in terms of its partial fractions as
1 1 1 1

21— + 7+2(1+t)+2(17t)'

1-
This gives the second solution of (1.2)

/ l+ P dt
12 1+t 2(1 —1t)
x|:+ 10g;<1Jr ﬂ xlog(iji)l,

and hence the general solution is

1
y:Aﬂc—i—B{xlog( —HE)—I}.
2 1—x




1.2 THE METHOD OF VARIATION OF PARAMETERS
1.2 The Method of Variation of Parameters

Let’s now consider how to find the particular integral given the complementary
function, comprising u;(x) and us(z). As the name of this technique suggests, we
take the constants in the complementary function to be variable, and assume that

y = c1(@)ur(z) + c2(2)uz(w).
Differentiating, we find that
@ dug decy dus dco

de Vi uldx+62da: +u2da:'
We will choose to impose the condition
dCl dCQ
b 1.4
Ul d + ug e 0, (1.4)

and thus have

which, when differentiated again, yields

d?y d?u;  dug @ d?us  dus @

- =¢ + — +c + —— .

dx? Y da? dx dx * da? dx dx
This form can then be substituted into the original differential equation to give
d 2U1 du1 dCl d 2U2 dU2 dCQ < du1 dUQ

T T a e e (0 ) e s =1

This can be rearranged to show that
d 2u1 dul d 2U2 d’LLQ du1 dCl dUQ d02
a <dx2+a1dz+a0u1 tex Tz targy faow )t
Since u; and us are solutions of the homogeneous equation, the first two terms are
zero, which gives us
duy dcy dus des
it T S R 1.5
dr dz + dr dz / (15)

We now have two simultaneous equations, (1.4) and (1.5), for ¢; = dey/dz and
ch = dcg/dx, which can be written in matrix form as

i i) (4)= ()
up uy )\ & I

These can easily be solved to give
r_ Juz o Jui
T
where
W = ujul — ugu) =

i i
Uy Up

Uy U2’
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is called the Wronskian. These expressions can be integrated to give
© f(s)ua(s) /I f(s)ua(s)
= L 2V ds+ A = ——~"ds+ B.
c1 / W(s) s+ A, c2 W(s) s+
We can now write down the solution of the entire problem as

y(x) = uy(x) /w —f(;)/u(;@ ds + uz(x)/ljw ds + Auq(z) + Bus(z).
The particular integral is therefore
va) = [ 565 {“l(s)uz(wv)v?;)“(x)“z(s) } ds. (16)

This is called the variation of parameters formula.

Ezample

Consider the equation

d2y n .
—_— = xsinx.
dx? y

The homogeneous form of this equation has constant coefficients, with solutions
ui(x) =cosx, ws(x)=sinz.

The variation of parameters formula then gives the particular integral as

T cos ssinx — cos x sin s
Y= ssin s ds,

1
since

cosx sinzx

. =cos?z +sin’z = 1.
—sinx  cosx

W

We can split the particular integral into two integrals as

x

xT
y(x):sinx/ ssinscossds—cosm/ ssin’ s ds

1 v 1 v
zisinx/ ssin2sds—§cosx/ s(1 —cos2s) ds.

Using integration by parts, we can evaluate this, and find that

(0) = L2 i L
= —= CcOs —X Sln — COS
yl\xr 433 S T 433 x 3 €T

is the required particular integral. The general solution is therefore

2

. 1 1.
Y = €1 COST + C28INT — Zx cosx + szma:.

Although we have given a rational derivation of the reduction of order and vari-
ation of parameters formulae, we have made no comment so far about why the
procedures we used in the derivation should work at all! It turns out that this has
a close connection with the theory of continuous groups, which we will investigate
in Chapter 10.



1.2 THE METHOD OF VARIATION OF PARAMETERS

1.2.1 The Wronskian

Before we carry on, let’s pause to discuss some further properties of the Wronskian.
Recall that if V' is a vector space over R, then two elements vi,vy € V are linearly
dependent if 3 a1, as € R, with a1 and a not both zero, such that a; vy +asvs = 0.

Now let V = C*(a, b) be the set of once-differentiable functions over the interval
a <z <b If uj,us € C'(a,b) are linearly dependent, 3 a1, as € R such that
oqu(x) + ague(z) = 0 Vo € (a,b). Notice that, by direct differentiation, this also
gives aqu () + agub(x) = 0 or, in matrix form,

ui(xz)  ug(x) o\ _ (0
uy(z)  uy(x) B 0/
These are homogeneous equations of the form
Ax =0,

which only have nontrivial solutions if det(A) = 0, that is

‘ = ujub — ujugy = 0.

In other words, the Wronskian of two linearly dependent functions is identically
zero on (a,b). The contrapositive of this result is that if W # 0 on (a,b), then uy
and uq are linearly independent on (a, b).

Ezample

3 are linearly independent on the interval

The functions u;(z) = 2% and uy(z) = x
(—1,1). To see this, note that, since ui(x) = 22, us(x) = 23, v}(z) = 2z, and

ub(x) = 322, the Wronskian of these two functions is

z? 23

9r 322 | = 3zt —22% = 2%,

W =

This quantity is not identically zero, and hence z2? and x> are linearly independent
on (—1,1).

Ezxample

The functions ui(x) = f(z) and ug(x) = kf(x), with k a constant, are linearly
dependent on any interval, since their Wronskian is

_| kS

W= f/ kf/

If the functions u; and ug are solutions of (1.2), we can show by differentiating
W = uyub, — ujus directly that

=0.

% + CLl(l')W = 0
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This first order differential equation has solution

W(zx) = Wi(xo) exp {—/ al(t)dt}, (1.7)
o

which is known as Abel’s formula. This gives us an easy way of finding the
Wronskian of the solutions of any second order differential equation without having
to construct the solutions themselves.

Ezample

Consider the equation
1 1
'+ =y + <12)y0.
x x
Using Abel’s formula, this has Wronskian

W(z) = W(xo)exp{—/;dt} _ woW(zo) _ A

o t x x

for some constant A. To find this constant, it is usually necessary to know more
about the solutions u (z) and us(x). We will describe a technique for doing this in
Section 1.3.

We end this section with a couple of useful theorems.

Theorem 1.1 If u; and us are linearly independent solutions of the homoge-
neous, nonsingular ordinary differential equation (1.2), then the Wronskian is either
strictly positive or strictly negative.

Proof From Abel’s formula, and since the exponential function does not change
sign, the Wronskian is identically positive, identically negative or identically zero.
We just need to exclude the possibility that W is ever zero. Suppose that W(x;) =
0. The vectors ( u,l (1) ) and ( u,2<x1) ) are then linearly dependent, and
uy (z1) us (1)
hence uy(z1) = kus(xy) and uj(z) = kub(x) for some constant k. The function
u(x) = uy (z) — kug(x) is also a solution of (1.2) by linearity, and satisfies the initial
conditions u(x;) = 0, v/(z1) = 0. Since (1.2) has a unique solution, the obvious
solution, u = 0, is the only solution. This means that u; = kus. Hence u; and us
are linearly dependent — a contradiction. |

The nonsingularity of the differential equation is crucial here. If we consider the
equation x%y” — 2xy’ + 2y = 0, which has u1(x) = 22 and us(x) = x as its linearly
independent solutions, the Wronksian is —22, which vanishes at z = 0. This is
because the coefficient of y” also vanishes at x = 0.

Theorem 1.2 (The Sturm separation theorem) If ui(z) and ux(z) are the
linearly independent solutions of a nonsingular, homogeneous equation, (1.2), then
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the zeros of ui(x) and us(x) occur alternately. In other words, successive zeros of
u1(x) are separated by successive zeros of us(x) and vice versa.

Proof Suppose that 27 and xo are successive zeros of us(x), so that W(x;) =
up(x;)ub(a;) for ¢ = 1 or 2. We also know that W(z) is of one sign on [z1, 2],
since u1(x) and uz(x) are linearly independent. This means that u;(z;) and ub(z;)
are nonzero. Now if ub(xy) is positive then u}(z2) is negative (or vice versa), since
ug(x2) is zero. Since the Wronskian cannot change sign between 7 and xs, ui(x)
must change sign, and hence u; has a zero in [z, x2], as we claimed. O

As an example of this, consider the equation y” +w?y = 0, which has solution y =
Asinwz + B coswz. If we consider any two of the zeros of sinwz, it is immediately
clear that coswzx has a zero between them.

1.3 Solution by Power Series: The Method of Frobenius

Up to this point, we have considered ordinary differential equations for which we
know at least one solution of the homogeneous problem. From this we have seen that
we can easily construct the second independent solution and, in the inhomogeneous
case, the particular integral. We now turn our attention to the more difficult
case, in which we cannot determine a solution of the homogeneous problem by
inspection. We must devise a method that is capable of solving variable coefficient
ordinary differential equations in general. As we noted at the start of the chapter,
we will restrict our attention to the case where the variable coefficients are simple
polynomials. This suggests that we can look for a solution of the form

o0 (oo}
— nC n __ n—+c
n n ) .
y=ax g anx —gax (1.8)
n=0 n=0

and hence
dy - n+c—1
e Zan(n + o)z , (1.9)
x n=0
d?y =
—= = Zan(n+c)(n+cf Damte? (1.10)
x n=0
where the constants c,ag, ay,..., are as yet undetermined. This is known as the

method of Frobenius. Later on, we will give some idea of why and when this
method can be used. For the moment, we will just try to make it work. We proceed
by example, with the simplest case first.

1.3.1 The Roots of the Indicial Equation Differ by an Integer
Consider the equation

d?y dy 1
2 2
r——tar—+ |z 1 y=0. (1.11)

11
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We substitute (1.8) to (1.10) into (1.11), which gives

o0 o0
22y an(ntc)(n+c— 12" 4 2 "an(n+ )zt

n=0 n=0

1 o0
(e 1) Sanare =0
n=0

We can rearrange this slightly to obtain

oo oo

1
E an{(n+c)(n+c—1)+(n+c)—}x"+c+g apx"tet? =0,
n=0 4

n=0

and hence, after simplifying the terms in the first summation,

o0 1 o0
;an {(TL+C)2 o 4} e + ZananchrQ =0.

n=0

We now extract the first two terms from the first summation to give

1 1
ag (62 - 4> ¢+ a; {(c—l— 1)% - 4}336“

oo 1 o0
+> an {(n +¢)? - 4} 2"+ ettt = 0. (1.12)

n=0

Notice that the first term is the only one containing ¢ and similarly for the second
term in x°*1,

The two summations in (1.12) begin at the same power of z, namely z27¢. If we
let m = n + 2 in the last summation (notice that if n = 0 then m = 2, and n = oo
implies that m = co), (1.12) becomes

1 1
ag (02 - 4> €+ ap {(0—1—1)2 - 4}xc+1

oo 1 oo
+Zan {(n + 0)2 — 4} Ve 4 Zam_gxm“ =0.
m=2

n=2

Since the variables in the summations are merely dummy variables,

00 00

m+c __ n+-c

§ Qmp—2T - § Up—2T )
m=2 n=2

1 1
ag (02 - 4) ¢+ a; {(c—l—l)2 - 4}x0+1

o0 1 oo
JrZan {(n + 0)2 — 4} e+ Zan_2z"+c =0.
n=2 n=2

and hence
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Since the last two summations involve identical powers of x, we can combine them

to obtain
ag 02—1 ¢+ a1 (c+ 1)2—1 zetl
4 4

+7§:2 {an {(n +¢)? — le} + an_g] " = 0. (1.13)

Although the operations above are straightforward, we need to take some care to
avoid simple slips.

Since (1.13) must hold for all values of x, the coefficient of each power of  must
be zero. The coefficient of x¢ is therefore

1
ag <02 - 4) =0.

Up to this point, most Frobenius analysis is very similar. It is here that the different
structures come into play. If we were to use the solution ag = 0, the series (1.8)
would have a;z¢t! as its first term. This is just equivalent to increasing ¢ by 1. We
therefore assume that ag # 0, which means that ¢ must satisfy ¢ — % = 0. This is
called the indicial equation, and implies that ¢ = :I:%. Now, progressing to the
next term, proportional to °t!, we find that

a1{(c+1)2— i} 0.

Choosing ¢ = % gives a; = 0, and, if we were to do this, we would find that we had
constructed a solution with one arbitrary constant. However, if we choose ¢ = —%
the indicial equation is satisfied for arbitrary values of a1, and a; will act as the
second arbitrary constant for the solution. In order to generate this more general
1

solution, we therefore let ¢ = —3.

We now progress to the individual terms in the summation. The general term

yields
2
1 1
an{<n—2> —4}+an2=0 forn=2,3,....

This is called a recurrence relation. We solve it by observation as follows. We
start by rearranging to give

Ap—2

ap, = pey— (1.14)
By putting n = 2 in (1.14) we obtain
ao
az =~
For n =3,
ai
az = — .

13
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For n =14,
as
4.3’

and substituting for as in terms of ag gives

1 ag ag ag
a4:7m(7ﬂ>:m:5'
Similarly for n = 5, using the expression for ag in terms of aq,
as 1 ay ay
w=—54=-53(353) =%

A pattern is emerging here and we propose that

aq =

ag ai
=(-1)"—~ =(-1)"—.
az = (D Gy @z = CD G
This can be proved in a straightforward manner by induction, although we will not
dwell upon the details here.}
We can now deduce the full solution. Starting from (1.8), we substitute ¢ = —3,
and write out the first few terms in the summation

(1.15)

y=1x""%(ag+ arx + asx? +---).

Now, using the forms of the even and odd coefficients given in (1.15),

2 3 4 5
_.—1/2 _ @oT”  a1x apx arxr
y== (%+aw 21 TR TR

This series splits naturally into two proportional to ay and a1, namely

2 4 3 5
— 12 _rar ~1/2 _rar
y==2 %(1 STRREPT >+x A TR '

The solution is therefore
cosx sin
y(z) = aom + alm,
since we can recognize the Taylor series expansions for sine and cosine.

This particular differential equation is an example of the use of the method of
Frobenius, formalized by

Frobenius General Rule I

If the indicial equation has two distinct roots,
¢ =a,B (a < 8), whose difference is an in-
teger, and one of the coefficients of z* becomes
indeterminate on putting ¢ = «, both solutions
can be generated by putting ¢ = « in the recur-
rence relation.

t In the usual way, we must show that (1.15) is true for n = 0 and that, when the value of a2n+1
is substituted into the recurrence relation, we obtain as(,11)41, as given by substituting n +1
for n in (1.15).
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2_1_ = 0, which has solutions ¢ =

In the above example the indicial equation was ¢ 4
:I: , whose difference is an integer. The coefficient of ¢t was a; { c+1)2 4} =
0. When we choose the lower of the two values (¢ = —7) this expression does not

give us any information about the constant ai, in other words a; is indeterminate.

1.3.2 The Roots of the Indicial Equation Differ by a Noninteger

Quantity
We now consider the differential equation
d2y dy
22(1 —x)— 1—x)— =0. 1.1
(-0 F+ -0 +3y=0 (1.16)

As before, let’s assume that the solution can be written as the power series (1.8).
As in the previous example, this can be differentiated and substituted into the
equation to yield

z(1— x)Zan(n +e)(n+ec—1Da"t2 4 (1 - x)Zan(n +c)zn et
n=0

o0
+3Zanx”+c =0
n=0

The various terms can be multiplied out, which gives us

Zan(n +e)(n+c—1)2z"et - Zan(n +e)(n+c—1)22"F¢
n=0 n=0

—|—Zann—|—c nte-l Zann—i—c "+c+3Zan =

n=0 n=0

Collecting similar terms gives

Z%{Q(n +eo)n+c—1)+ (n+c)amtet
n=0

+§:an{3 —2(n+c)(n+c—1)— (n+c)fa"tc =0,

n=0

and hence

Zan(n +¢)(2n +2c— 1)zt 4 Zan{S —(n+e)(2n+2c—1)}a" ¢ =0.
n=0 n=0

We now extract the first term from the left hand summation so that both summa-
tions start with a term proportional to x¢. This gives

apc(2c — 1)zt + Zan (n+¢)(2n + 2¢ — 1)zt 1

n=1

15
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+ian{3 —(n+c)(2n+2c— 1)}t = 0.

n=0

We now let m = n 41 in the second summation, which then becomes
(o9}
Zam—1{3 —(m—=14¢)(2(m —1) +2c—1)}a™re L
m=1

We again note that m is merely a dummy variable which for ease we rewrite as n,
which gives

ape(2c — 1)z~ + Zan(n +¢)(2n 4 2¢ — 1)z Te !

n=1

+Zan71 {3—(n—1+c)2n+2c—3)}az" 1 =0.

n=1

Finally, we can combine the two summations to give

apc(2¢ — 1)zt

—I—i{an(n +e)2n+2c—1)+an_1{3—(n—1+¢)(2n+2c—3)}}z" T =0.

n=1

As in the previous example we can now consider the coefficients of successive
powers of 2. We start with the coefficient of 2¢~!, which gives the indicial equation,
apc(2¢ — 1) = 0. Since ag # 0, this implies that ¢ = 0 or ¢ = 1. Notice that these
roots do not differ by an integer. The general term in the summation shows that

o {(n+c—1)(2n+20—3)—3
m Ot (n+c)(2n+2c—1)

} form=1,2,.... (1.17)

We now need to solve this recurrence relation, considering each root of the indicial
equation separately.

CaseI: c=0
In this case, we can rewrite the recurrence relation (1.17) as

o [ (L (38)

We recall that this holds for n > 1, so we start with n = 1, which yields

For n =2
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where we have used the expression for a; in terms of ag. Now progressing to n = 3,
we have

and for n = 4,

Finally, for n = 5 we have

In general,

3a0
(2n—1)(2n—3)’

ap =

which again can be proved by induction. We conclude that one solution of the
differential equation is

> > 3a
__..c n _ 0 0 n
y—x;anx z;(2n—1)(2n—3)x'

This can be tidied up by putting 3ag = A, so that the solution is
e n

y:AZ(anl)(an?))'

n=0

(1.18)

Note that there is no obvious way of writing this solution in terms of elementary
functions. In addition, a simple application of the ratio test shows that this power
series is only convergent for |z| < 1, for reasons that we discuss below.

A simple MATLABT function that evaluates (1.18) is

function frob = frob(x)
n = 100:-1:0; a = 1./(2*n-1)./(2*%n-3);
frob = polyval(a,x);

which sums the first 100 terms of the series. The function polyval evaluates the
polynomial formed by the first 100 terms in the sum (1.18) in an efficient manner.
Figure 1.2 can then be produced using the command ezplot (@frob, [-1,1]).

Although we could now use the method of reduction of order, since we have
constructed a solution, this would be very complicated. It is easier to consider the
second root of the indicial equation.

t See Appendix 7 for a short introduction to MATLAB.

17
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2

YA

L s L 2 L L L
1 -0.8 -0.6 -0.4 -0.2 0 02 04 06 08 1

Fig. 1.2. The solution of (1.16) given by (1.18).

Case II: ¢ = %

In this case, we simplify the recurrence relation (1.17) to give

“":"“{( (>iz) )3}:“’“ (W)

s e = ()

We again recall that this relation holds for n > 1 and start with n = 1, which gives
ay; = ap(—1). Substituting n = 2 gives as = 0 and, since all successive a; will be
written in terms of as, a; = 0 for ¢ = 2,3, ... . The second solution of the equation
is therefore y = Bx'/?(1—1). We can now use this simple solution in the reduction
of order formula, (1.3), to determine an analytical formula for the first solution,
(1.18). For example, for 0 < x < 1, we find that (1.18) can be written as

1 14 21/2
=—— A3z —2+32"2(1 - 2)log{ ———7 ¢| .
y=-¢ + (1 —z)log RESE
This expression has a logarithmic singularity in its derivative at * = 1, which
explains why the radius of convergence of the power series solution (1.18) is |z| < 1.

This differential equation is an example of the second major case of the method
of Frobenius, formalized by



1.3 SOLUTION BY POWER SERIES: THE METHOD OF FROBENIUS

Frobenius General Rule 11

If the indicial equation has two distinct roots,
¢ =a,0 (a < 8), whose difference is not an
integer, the general solution of the equation is
found by successively substituting ¢ = « then ¢ =
0 into the general recurrence relation.

1.3.3 The Roots of the Indicial Equation are Equal

Let’s try to determine the two solutions of the differential equation
d?y

—2

dz?

We substitute in the standard power series, (1.8), which gives

d
+(1+z)£+2y20.

xZan (n+c)(n+c—1)z" 24 (1+ x)Zan(n +c)znte!

n=0 n=0

o0
+2Zan5€n+c =0.
n=0
This can be simplified to give

Zan(n +c)2zm et 4 Zan(n +ec+2)z" e =0.

n=0 n=0

We can extract the first term from the left hand summation to give

apc®z ™t + Zan(n +¢)2znterl 4 Zan(n +c+2)2" T =0.

n=1 n=0

Now shifting the series using m = n + 1 (and subsequently changing dummy vari-
ables from m to n) we have

apc®x¢ + Z{an(n +¢)® +ap_1(n+c+1)}z"te =0, (1.19)

n=1

where we have combined the two summations. The indicial equation is ¢z = 0
which has a double root at ¢ = 0. We know that there must be two solutions, but
it appears that there is only one available to us. For the moment let’s see how far
we can get by setting ¢ = 0. The recurrence relation is then

n+1

an:—an,17 forn=1,2,....

When n =1 we find that

ay = —00177

19



20

VARIABLE COEFFICIENT, SECOND ORDER DIFFERENTIAL EQUATIONS

and with n = 2,

3 3-2
12 = gy = Wy g
Using n = 3 gives
4 4-3-2
EPR S PRSP P
and we conclude that

n(n+1)! an+1
an = (71) (n')2 ap = (71) TGO'
One solution is therefore
- (n+1)
Y= QOZ(_D” — xn,
n=0

= ag {z Z % Jre:”} =ap(l —x)e ™.

This solution is one that we could not have readily determined simply by inspection.
We could now use the method of reduction of order to find the second solution, but
we will proceed with the method of Frobenius so that we can see how it works in
this case.

Consider (1.19), which we write out more fully as

d’y dy
SV 1+ 1oy =
Ooxdz2+( +x>dx+ Y
apc?x¢t + Z{an(n +e)? +an_1(n+c+1)}a"e=0.
n=1

The best we can do at this stage is to set a,(n+c¢)?+an_1(n+c+1) =0forn > 1,
as this gets rid of most of the terms. This gives us a,, as a function of ¢ for n > 1,
and leaves us with

d*y dy
r—s 4+ (1 4+ 2)=—= + 2y = apc
dx? ( ) dx y 0
Let’s now take a partial derivative with respect to ¢, where we regard y as a function

of both = and ¢, making use of

a0 o (o _ 0 (o
de 8z’ 9c\dx) 9z \dc/)’
This gives

0% (oy 0 [0y AWy _ 0 5 oy

Zpet, (1.20)
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Notice that we have used the fact that ag is independent of c. We need to be careful
when evaluating the right hand side of this expression. Differentiating using the
product rule we have

0 2 c—1 2 0 c—1 c—1 0 2
—(c“z =c"—(x T —(c).
30( ) 30( )+ 80( )
We rewrite 271 as €271 = 187271 50 that we have
0 2 c—1 2 0 clo -1 -1 0 2
—(c“x =c"— (%) + 27 —(c).
A )=c 5l ) 50(¢)
Differentiating the exponential gives
0
8—(02300*1) = *(logzef'o8®) =1 4 2712,
c
which we can tidy up to give
0

8—(02306_1) =22 logx + 2 12¢.
c

Substituting this form back into the differential equation gives
0% (0 o (0 0
m@ﬁ(@i>+(l+ )8:E <6y>+25’y—a{cm° Nogx 4+ 27 12¢}.

Now letting ¢ — 0 gives

0% Oy 0 0Oy dy
i 4 1+z)— = 222 =o.
T2 Bc )+( +x)8:r el T2 9 —0
Notice that this procedure only works because (1.20) has a repeated root at ¢ = 0.
0
We conclude that 9 is a second solution of our ordinary differential equation.
Cle=0

To construct this solution, we differentiate the power series (1.8) (carefully!) to
give

Oy dan o
%:x d +Zanx z¢logx,

using a similar technique as before to deal with the differentiation of ¢ with respect
to c. Note that, although ag is not a function of ¢, the other coefficients are. Putting
c =0 gives

y =\ da, =
= = — T 4+1 nl.—gx™
de c=0 Z de c=0 v xngO ‘ |C_O ’

n=0

Qnp,

. We begin with the recurrence relation,
c=0

We therefore need to determine

which is
an—1(n+c+1)
(n+c)?

Ap — —

21
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Starting with n = 1 we find that

—ap(c+2)
a1 = ——\95
(c+1)?
whilst for n = 2,
—ai(c+3)
az = ———=—,
(c+2)2
and substituting for a; in terms of ag gives us
ap(c+2)(c+ 3)
g = ———— >

(c+1)%(c+2)*
This process can be continued to give
n (c+2)(c+3)...(c+n+1
a, = (—1) ao( )(2 ) 5 ( 2),
(c+1)2(c+2)2...(c+n)

which we can write as

[[=i(c+i+1)
—.
{H]’:1(C + J)}

We now take the logarithm of this expression, recalling that the logarithm of a
product is the sum of the terms, which leads to

an = (—1)"agp

log(an) = log((~1)"a0) +1log | [J(c+j+1) | = 2log [ [](c+7)
= log((—1)"ap) + Zlog(c+j +1)— QZlog(c + 7).

Now differentiating with respect to ¢ gives

n

1 da, 1 1
2% N~
a, dc Zc—i—j—I—l j;lc—i—j7

=1

and setting ¢ = 0 we have

1 dan
a, dc

Since we know a,, when ¢ = 0, we can write

n

1 1
:Zjﬁ_ng'

c=0 j=1

o], = ol (S0 ast),
c=0 (Hj:l j) j=1 Jj=1
n+1 n
B Lo+ 1) [ 1
BT P E R Y
j=1 j=1

In this expression, we have manipulated the products and written them as facto-
rials, changed the first summation and removed the extra term that this incurs.
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Simplifying, we obtain

dan, n (n+1)
& |, = (=1)"ag o (¢(n+1) = 2¢(n) — 1),
where we have introduced the notation

o(n) (1.21)

1l
M-
3 |-

The second solution is therefore

y = ag [Z(—l)”m:‘m{qﬁ( +1) —2¢(n) — 1} " +Z )xnlogx

n=0

This methodology is formalized in

Frobenius General Rule III

If the indicial equation has a double root, ¢ = «,
one solution is obtained by putting ¢ = « into the
recurrence relation.

The second independent solution is (0y/0c)._,,
where a,, = a,(c) for the calculation.

There are several other cases that can occur in the method of Frobenius, which,
due to their complexity, we will not go into here. One method of dealing with these
is to notice that the method outlined in this chapter always produces a solution of
the form y = ui(z) = Y .~ ap,a™¢. This can be used in the reduction of order
formula, (1.3), to find the second linearly independent solution. Of course, it is
rather difficult to get all of us(x) this way, but the first few terms are usually easy
enough to compute by expanding for small . Having got these, we can assume a
general series form for us(x), and find the coefficients in the usual way.

Ezxample

Let’s try to solve
22y’ +xy + (2% — 1)y =0, (1.22)

using the method of Frobenius. If we look for a solution in the usual form, y =
oo o anz™ ¢, we find that

ap(? = 1)z + a1 {(1+¢)* - C+1+Z lax {(k +¢)® =1} + a_s] ¥ = 0.

The indicial equation has roots ¢ = +1, and, by choosing either of these, we find
that a; = 0. If we now look for the general solution of

=
(k+c)2—-1

we find that

2T Tr -1 (1+0B+reo)

23
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az _ ao
A+c)?—-1 (A4+e)B+c)2bB+c)’

ay =

and so on. This gives us a solution of the form

2 4

y(x’c):wc{l_ 0106+  0+0B+026+0 _}

Now, by choosing ¢ = 1, we obtain one of the linearly independent solutions of
(1.22),

x2 ﬁC4

However, if ¢ = —1, the coefficients as,, for n = 1,2,... are singular.
In order to find the structure of the second linearly independent solution, we use
the reduction of order formula, (1.3). Substituting for u(z) gives

2 z t
us(x) = x<1—2+...)/ ti 2exp(—/ ids) dt
t2<1_8+...)
°1 2 1
= x(l— +)/ ﬂ<1+1+-~-)tdt
1 1
= x(l— —|—> (—M+4logx+--->.

The second linearly independent solution of (1.22) therefore has the structure

1 1
u(z) = Zul(‘r) logz — %v(x),

o] §, o] 5

where v(z) = 1 + boz? + by + - - . If we assume a solution structure of this form
and substitute it into (1.22), it is straightforward to pick off the coefficients ba,,.
Finally, note that we showed in Section 1.2.1 that the Wronskian of (1.22) is

W = A/z for some constant A. Now, since we know that u; = = + --- and
ug = —1/2x+---, we must have W = z(1/22%)+1/2x+--- = 1/z+---, and hence
A=1

1.3.4 Singular Points of Differential Equations

In this section, we give some definitions and a statement of a theorem that tells
us when the method of Frobenius can be used, and for what values of x the infinite
series will converge. We consider a second order, variable coefficient differential
equation of the form
d2%y d

Y
i Q(x)% + R(z)y = 0. (1.23)

Before we proceed, we need to further refine our ideas about singular points. If xg
is a singular point and (z —z0)Q(x)/P(z) and (z —x0)*R(x)/P(z) have convergent

P(z)
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Taylor series expansions about xg, then z = z is called a regular singular point;
otherwise, xg is called an irregular singular point.

Ezample

Consider the equation

a2 d
x(x—1)%g+(1+x)£+y:0. (1.24)

There are singular points where 22 —x = 0, at z = 0 and © = 1. Let’s start by

looking at the singular point z = 0. Consider the expression

ﬂ:z(l+x) _ (1+x)
P x? -z (x—1)

=—(1+2)1-—2)""

Upon expanding (1 — z)~! using the binomial expansion we have

x
?Q:—(1+x)(1+x+x2+~-~+x"+--~),
which can be multiplied out to give
%:—I—Qx—k---.

This power series is convergent provided |z| < 1 (by considering the binomial
expansion used above). Now

2R x? T

= = = —z(1—z)" "
P 22—z xz-1 2 z)

Again, using the binomial expansion, which is convergent provided |z| < 1,

3

’R

P
Since 2@/ P and x? R/ P have convergent Taylor series about = = 0, this is a regular
singular point.
Now consider the other singular point, z = 1. We note that

(x—l)Q— (x—-1)1+2z) (xz-1)(1+z) 1+z
P (22-2)  xxz-1) oz

At this point we need to recall that we want information near z = 1, so we rewrite
z as 1 — (1 —x), and hence
Q 2—(1—ux)

i s pey r gy

Expanding in powers of (1 — x) using the binomial expansion gives

@:-1@:2(1_

1—=x

){1+<1—x>+<1—x>2+--~},

25



26

VARIABLE COEFFICIENT, SECOND ORDER DIFFERENTIAL EQUATIONS

which is a power series in (x — 1) that is convergent provided |z — 1| < 1. We also
need to consider
2§:($—1)2_($—1)2_1‘—1 x—1

(x_l)p 22—z  z(x—-1 =z :{1_(1_96)}

=@z-D{1-(1-2)} '=@-D{1+@-1)+@-1>2+ -},

which is again convergent provided | —1| < 1. Therefore z = 1 is a regular singular
point.

Theorem 1.3 If xg is an ordinary point of the ordinary differential equation (1.23),
then there exists a unique series solution in the neighbourhood of xy which converges
for |z — xo| < p, where p is the smaller of the radii of convergence of the series for
Q(2)/P(x) and R(z)/P(x).

If xg is a regular singular point, then there exists a unique series solution in the
neighbourhood of xq, which converges for |x — xo| < p, where p is the smaller of the

radii of convergence of the series (x — x0)Q(z)/P(x) and (z — x9)?R(x)/P(x).

Proof This can be found in Kreider, Kuller, Ostberg and Perkins (1966) and is due
to Fuchs. We give an outline of why the result should hold in Section 1.3.5. We
are more concerned here with using the result to tell us when a series solution will
converge. O

Ezample

Consider the differential equation (1.24). We have already seen that © = 0 is a
regular singular point. The radii of convergence of zQ(z)/P(z) and z?R(x)/P(x)
are both unity, and hence the series solution Zflozo a,x"T¢ exists, is unique, and
will converge for |z| < 1.

Ezample

Consider the differential equation

d*y dy

4
T -5 +y=0.

de? ~ dz Y
For this equation, x = 0 is a singular point but it is not regular. The series solution
> 0 anx™ ¢ is not guaranteed to exist, since ©Q/P = —1/23, which cannot be

expanded about x = 0.

1.3.5 An outline proof of Theorem 1.3
We will now give a sketch of why Theorem 1.3 holds. Consider the equation

P(z)y" + Q(x)y' + R(x)y = 0.
When x = 0 is an ordinary point, assuming that

Pa)=P+aPi+-, Q@)=Qo+aQ+ -+, R(x)=Ro+aRi+ -,
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we can look for a solution using the method of Frobenius. When the terms are
ordered, we find that the first two terms in the expansion are

Poagc(c — 1)z + {Pyarc(c + 1) + Prase(c — 1) + Qoarc} x4+ - = 0.

The indicial equation, ¢(c — 1) = 0, has two distinct roots that differ by an integer
and, following Frobenius General Rule I, we can choose ¢ = 0 and find a solution
of the form y = agyo(z) + a1y1(x).

When « = 0 is a singular point, the simplest case to consider is when

P(z) = Pz + Pyx® +--- .

We can then ask what form Q(z) and R(x) must take to ensure that a series solution
exists. When z = 0 is an ordinary point, the indicial equation was formed from the
y” term in the equation alone. Let’s now try to include the 3’ and y terms as well,
by making the assumption that

Q(r) = Qo+ Qrwv+---, R(x):%+RO+....

Then, after substitution of the Frobenius series into the equation, the coefficient of

21 gives the indicial equation as

Plc(c — 1) + Q()C —|— R_1 = 0

This is a quadratic equation in ¢, with the usual possibilities for its types of roots.
Asxz—0

rQ(z) Qo z?R(x) R_,4

P(x) P Plx) P’
so that both of these quantities have a Taylor series expansion about x = 0. This
makes it clear that, when P(z) = Pz + --- , these choices of expressions for the
behaviour of Q(z) and R(x) close to z = 0 are what is required to make it a regular
singular point. That the series converges, as claimed by the theorem, is most easily
shown using the theory of complex variables; this is done in Section A6.5.

1.3.6 The point at infinity

Our discussion of singular points can be extended to include the point at infinity
by defining s = 1/2 and considering the properties of the point s = 0. In particular,
after using

dy_ady Py d ([ ady
dz ds’ dz? ds

dz? ds
in (1.23), we find that
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For example, Bessel’s equation, which we will study in Chapter 3, has P(z) = 22,

Q(z) = = and R(z) = 22 — %, where v is a constant, and hence has a regular
singular point at = = 0. In this case, P(s) = 5%, Q(s) = s and R(s) = 1/s> — 1%,
Since ]5(0) = 0, Bessel’s equation also has a singular point at infinity. In addition,
s2R(s)/P(s) = (1 — s?v) /s, which is singular at s = 0, and we conclude that
the point at infinity is an irregular singular point. We will study the behaviour
of solutions of Bessel’s equation in the neighbourhood of the point at infinity in
Section 12.2.7.

Exercises

1.1 Show that the functions u; are solutions of the differential equations given
below. Use the reduction of order method to find the second independent
solution, us.

d
@ w=e, @-)5F-agl+y=0,

d d
(b) uy =z tsinz, z——2 +2-=+ 2y =0.
x i
1.2 Find the Wronskian of
(a) z, 2%,
(b) €7, e77,
(¢) zcos(log|z|), zsin(log |x]).
Which of these pairs of functions are linearly independent on the interval
[-1,1]?
1.3 Find the general solution of

A’y ,dy
dx? dx
d?y
dx?

d? 1d 1

+y= I3/2€m,

+ 4y = 2 sec 2z,

dz? ' zdx 4x2?
d2y . ,
(d) T +y = f(x), subject to y(0) = ¢'(0) = 0.
1.4 If uy and us are linearly independent solutions of

y' +p@)y +q(z)y =0
and y is any other solution, show that the Wronskian of {y, u1, us},

Yy uir Uz

_ ! i !
W)=1|vy uy uy |,

1 1 1

Yy oup U

is zero everywhere. Hence find a second order differential equation which
has solutions y = z and y = log z.



1.5

1.6

1.7

1.8

1.9

1.10

EXERCISES

Find the Wronskian of the solutions of the differential equation
(1—22)y" —2xy'+2y = 0 to within a constant. Use the method of Frobenius
to determine this constant.
Find the two linearly independent solutions of each of the differential equa-
tions
d? 1\ d 1
(a) x2dx3+x<:c—2> ﬁ—l—iy:O,
2

d d
(b) xQEg—i—x(x—l—l)ﬁ—y:O,

using the method of Frobenius.
Show that the indicial equation for

2

d=y dy

has a double root. Obtain one series solution of the equation in the form
o0
y=A Z n?z" 1 = Auy(2).
n=1

What is the radius of convergence of this series? Obtain the second solution
of the equation in the form

uz(x) = uy(x)logx + uy (z) (4 +--+).
(a) The points = +1 are singular points of the differential equation

d? d
(@ = 1)* "+ @+ )2 —y=0.

Show that one of them is a regular singular point and that the other
is an irregular singular point.
(b) Find two linearly independent Frobenius solutions of
d?y dy
T——7 +4-—= —zy =0,
dx? dx Y
which are valid for z > 0.
Find the general solution of the differential equation
d?y dy
20— + (1 — —ky=0
¥ da? +(1+2) dx 4
(where k is a real constant) in power series form. For which values of k is
there a polynomial solution?
Let «, 3, v denote real numbers and consider the hypergeometric equation
d?y

x(l—m)@—&-{v—(a—l—ﬁ—i—l)x}%—aﬁy:O.

Show that x = 0 and = = 1 are regular singular points and obtain the roots
of the indicial equation at the point z = 0. Show that if v is not an integer,
there are two linearly independent solutions of Frobenius form. Express aq

29
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1.11

1.12

1.13

1.14

1.15

and ao in terms of ag for each of the solutions.

Show that each of the equations

d*y dy
(a) 333@ +$2% +y =0,

2 d%y  dy _
(b) = gz T, =0
has an irregular singular point at x = 0. Show that equation (a) has no
solution of Frobenius type but that equation (b) does. Obtain this solution
and hence find the general solution of equation (b).
Show that x = 0 is a regular singular point of the differential equation
2
2332% +z(1 —x)% —y=0.

Find two linearly independent Frobenius solutions and show that one of
these solutions can be expressed in terms of elementary functions. Verify
directly that this function satisfies the differential equation.
Find the two linearly independent solutions of the ordinary differential
equation

x(x —1)y" +3zy' +y =0

in the form of a power series. Hint: It is straightforward to find one solution,
but you will need to use the reduction of order formula to determine the
structure of the second solution.

* Show that, if f(z) and g(x) are nontrivial solutions of the differential
equations u” + p(z)u = 0 and V" + g(z)v = 0, and p(x) > q(x), f(x)
vanishes at least once between any two zeros of g(x) unless p = ¢ and
f = ng, p € R (this is known as the Sturm comparison theorem).

* Show that, if ¢(z) < 0, no nontrivial solution of v” + ¢(x)u = 0 can have
more than one zero.



CHAPTER TWO

Legendre Functions

Legendre’s equation occurs in many areas of applied mathematics, physics and
chemistry in physical situations with a spherical geometry. We are now in a position
to examine Legendre’s equation in some detail using the ideas that we developed
in the previous chapter. The Legendre functions are the solutions of Legendre’s
equation, a second order linear differential equation with variable coefficients. This
equation was introduced by Legendre in the late 18th century, and takes the form
2

(1 —372)% —2m%+n(n+1)y:0, (2.1)
where n is a parameter, called the order of the equation. The equation is usually
defined for —1 < x < 1 for reasons that will become clear in Section 2.6. We can see
immediately that £ = 0 is an ordinary point of the equation, and, by Theorem 1.3,
a series solution will be convergent for |z| < 1.

2.1 Definition of the Legendre Polynomials, P, (z)

We will use the method of Frobenius, and seek a power series solution of (2.1) in
the form

o0
Y = Z a;z' e,
i=0

Substitution of this series into (2.1) leads to

> o0
(=) 3l i+ o= D2 — 203 i+ 0t
=0 i=0

(oo}
+n(n+1) Z a;x' ¢ =0.
i=0

Tidying this up gives
oo

Z ai(i+c)(i+c—1a"T 2 4 Zai{n(n +1) = (i+c)(i+c+ 1)}t =0,
i=0 1=0

and collecting like powers of z we get

apc(c — 1)a2 +ajc(c+ 1)zt + Z ai(i +¢)(i + ¢ — 1)zite2
i—2
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oo
+> a{n(n+1) = (i+o)(i+c+1)}a e =0.
i=0
Rearranging the series gives us

apc(c — 1)z + aje(c+ 1)zt

—&—Z{a,(i +e)iite—1)+asnn+1)—(Gi+c—2)(i+c—1)} T2 =0.

i=2
The indicial equation is therefore
c¢(c—1) =0,

which gives ¢ = 0 or 1. Following Frobenius General Rule I, we choose ¢ = 0, so
that a; is arbitrary and acts as a second constant. In general we have,

(-2 n(nt D)

a; = G- 1) a;—o fori=23,....
For ¢ = 2,
gy = P2+
2
For i =3,
2:-1-n(n+1
= 2Ll )
For ¢ = 4,
{3-2—n(n+1)} —{3-2—nn+1}inn+1)
a4 = az = ap-
4-3 4!
For i =5,
{4-3—n(n+1)} {4-3=n(n+1)}H2-1—-n(n+1)}
a5 = az = aj.
5.4 5!
The solution of Legendre’s equation is therefore
1 22— 1 1
y = ag [1_71(712—:- )x2_{3 n(n;; Vin(n + )x4+---}

o {H {2.1_gl(n+1)}x3+ {4.3_n(n+1)g!(2.1—n(n—|—1))x5+“} ’
(2.2)

where ag and a; are arbitrary constants. If n is not a positive integer, we have two
infinite series solutions, convergent for |z| < 1. If n is a positive integer, one of the
infinite series terminates to give a simple polynomial solution.

If we write the solution (2.2) as y = agu,(x) + ajv, (), when n is an integer,
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then ug(z), vi(x), uz(xz) and vs(x) are the first four polynomial solutions. It is
convenient to write the solution in the form

y = AP,(z) + BQn(x),
7 T
Polynomial Infinite series,
of degree n converges for |z] <1

where we have defined P, (x) = u,(x)/u,(1) for n even and P, (x) = v,(x)/v,(1)
for n odd. The polynomials P, (z) are called the Legendre polynomials and can
be written as

- (2n — 2r)lgn—2r

Po(w) = Z(_l)TQ”r!(n —7r)l(n —2r)!’

r=0

where m is the integer part of n/2. Note that by definition P, (1) = 1. The first
five of these are

Po(2) =1, Pi(z) =, Pg(x)=%(3a:2—1),

1 35 15 3
Ps(z) = 5(5:53 —3z), Py(z)= §x4 - ng + 3
Graphs of these Legendre polynomials are shown in Figure 2.1, which was generated

using the MATLAB script

x = linspace(-1,1,500); pout = []; \
for k = 1:4

p = legendre(k,x); p=p(1,:);

pout = [pout; pl;
end
plot(x,pout(l,:),x,pout(2,:),’--",...

x,pout(3,:),’-.’ ,x,pout(4,:),’:’)
Egend(’P_l(x)’,’P_2(x)’,’P_3(x)’,’P_4(x)’,4),x1abe1(’x’) j

Note that the MATLAB function legendre(n,x) generates both the Legendre
polynomial of order n and the associated Legendre functions of orders 1 to n,
which we will meet later, so we have to pick off the Legendre polynomial as the
first row of the matrix p.

Simple expressions for the @, (x) are available for n = 0,1, 2,3 using the reduc-
tion of order formula, (1.3). In particular

nt) = e (122, o= oton(122) 1

1 1—2x

_ L Ltzy 3 _ Lisas Trz) 52,2
Qg(x)—4(39c 1)10g<1_x> 5% Qg(x)—4(5x 3x)log(1_x) 5% +3.

These functions are singular at © = +1. Notice that part of the infinite series has
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Fig. 2.1. The Legendre polynomials P;(x), P2(z), P3(z) and Pyi(x).

been summed to give us the logarithmic terms. Graphs of these functions are shown
in Figure 2.2.

Ezample
Let’s try to find the general solution of

1

1— 2 //_2 / N = —
(1 —2%)y" =22y + 2y = . —,

for —1 < & < 1. This is just an inhomogeneous version of Legendre’s equation of
order one. The complementary function is

ynh = AP (x) + BQ1(x).

The variation of parameters formula, (1.6), then shows that the particular integral
is

(" P1(5)Q1(7) — P1(2)Q1(s) s
e = / (1= s2){Pi(s)Q1(s) — P{(S)Ql(s)}d '

We can considerably simplify this rather complicated looking result. Firstly, Abel’s
formula, (1.7), shows that the Wronskian is

T 1=

W = Pi1(s)Q'(s) — Pi(5)Q1(s)
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-1 -08 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1
x

Fig. 2.2. The first four Legendre functions, Qo(z), Q1(x), Q2(z) and Q3(x).

We can determine the constant Wy by considering the behaviour of W as s — 0.
Since

Pils) =5, Q1<s>=;slog(i+j)—1,

W =1+s%+--- for s < 1. From the binomial theorem, 1/(1 —s%) =1+ s?+---
for s < 1. We conclude that W, = 1. This means that

=) [ P s - A [ Qi ds

= 22%Qi() —x{i(zQ ~1)log Gfi) - ;x}

The general solution is this particular integral plus the complementary function
(Up(x) + yn(x))-

2.2 The Generating Function for P, (x)

In order to make a more systematic study of the Legendre polynomials, it is helpful

to introduce a generating function, G(z,t). This function is defined in such a

way that the coefficients of the Taylor series of G(x,t) around ¢t = 0 are P,(x).
We start with the assertion that

Gz, t) = (1 — 2wt +t2)" V2 = iPn(x)t". (2.3)
n=0

35
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Just to motivate this formula, let’s consider the first terms in the Taylor series
expansion about ¢t = 0. Using the binomial expansion formula, which is convergent
for ‘t2 —2at| < 1 (for |z| < 1 we can ensure that this holds by making |¢| small
enough),

{14 (=2zt +12)} 712 =

1+ <—;> (—2xt + %) + (_%)Qﬁ(—m +t2)2 ...

1
=1+at+ 5(33:2 —D)t2 4 = Py(x) + Py (2)t + Po(2)t> + - -,

as expected. With a little extra work we can derive (2.3).
We start by working with

(1 —2xt 4+ t2)~Y2 = ZZ )", (2.4)

where, using the binomial expansion, we know that Z,(z) is a polynomial of degree
n. We first differentiate with respect to x, which gives us

t(1— 22t +12)7%/2 = Z Z! (x

and again gives

37 (1 — 2at +2) /2 = " Z)/(a)t"
n=0

Now we differentiate (2.4) with respect to ¢, which leads to
(z —t)(1 — 2wt +t2)73/2 = ZZ ynt" L
Multiplying this last result by ¢? and differentiating with respect to ¢ gives

ZZ n(n+ 1)t" %{tQ(x—t)(l—2xt+t2)_3/2},

= t2{(z —t)(1 — 2at +t2) 723z — t) + (1 — 2wt +t3)73/2 — 1}

+(z —t)(1 — 2t + 2)73/221,
which we can simplify to get

(1 —2at 4+ 12)73/2{36%(x — 1)2(1 — 2t + t*) "' — 1 + 2t(x — 1)}

722 n(n+ 1)t"
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Combining all of these results gives

(1f:c)iZ“ szZZ' i (n+1)Z,(z)t"
n=0 n=0 n=0

= (1= 2321 — 2t + )72 — 20t(1 — 2t + £2) 72

+(1 = 2wt + t3) 7323t (x — t)2(1 — 2wt +t3) " — 14 2t(z — 1)} =0,
for any t. Therefore
(1— 222/ (x) — 222}, (z) +n(n +1)Z,(z) = 0,

which is just Legendre’s equation. This means that Z,(z) = aP,(z) + 8Qn(x)
where «, 3 are constants. As Z,(z) is a polynomial of degree n, § must be zero.

Finally, we need to show that Z, (1) = 1. This is done by putting = 1 in the
generating function relationship, (2.3), to obtain

(1—2t+1%)~12 = ZZ
n=0

Since
(12t 4+ 2= {1-12} VP =(1-1) Zt"

at least for [¢| < 1, we have Z,, (1) = 1. Since we know that P, (1) = 1, we conclude
that Z,(z) = P,(x), as required.

The generating function, G(z,t) = (1 — 2zt + t2)~%/2, can be used to prove a
number of interesting properties of Legendre polynomials, as well as some recurrence
formulae. We will give a few examples of its application.

Special Values

The generating function is useful for determining the values of the Legendre poly-
nomials for certain special values of x. For example, substituting x = —1 in (2.3)
gives

(142t +%)71/2 = ZP

By the binomial expansion we have that
(T2t 4+ ) V2= {1+ 1)*} V2= (1+1)7!

= 1_t+t2_"'+(_t)”+--~ZZ(—l)”tn.
n=0
We conclude that

oo

Z(_l)ntn = Z Pn(_
n=0

n=0
and therefore P, (—1) = (-1)" forn=1,2,... .
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2.3 Differential and Recurrence Relations Between Legendre
Polynomials

The generating function can also be used to derive recurrence relations between the
various P, (z). Starting with (2.3), we differentiate with respect to ¢, and find that
(z —t)(1 — 2at +12)73/2 = ZP ynt" L,

We now multiply through by (1 — 2zt + t?) to obtain

(@ —t)(1 = 2at +1)7% = (1= 22t + 7)Y Po(a)nt" ",
n=0

which leads to

xipn( ZP )t
n=0
= nZP )l ! 2anP 7"+ nZP t”+1

Equating coefficients of ¢ on both sides shows that
P, (z) — Pho1(z) = (n+ 1) Prt1(z) — 2znP,(z) + (n — 1) P11 (),
and hence
(n+1)Poy1(x) — (2n+ DazPy(x) + nPy_1(z) = 0. (2.5)

This is a recurrence relation between P, y1(x), P,(x) and P,_1(x), which can be
used to compute the polynomials P,(x). Starting with Py(z) = 1 and P;(z) = z,
we substitute n = 1 into (2.5), which gives

2P (z) — 322 +1=0,
and hence

Py(r) = (307 1)

By iterating this procedure, we can generate the Legendre polynomials P, (x) for
any mn.

In a rather similar manner we can generate a recurrence relation that involves
the derivatives of the Legendre polynomials. Firstly, we differentiate the generating
function, (2.3), with respect to z to get

t(1 — 2at +¢2)73/% = Z t"P! (x
Differentiation of (2.3) with respect to ¢ gives

T —t 1721’754‘152 —3/2 nt" 1P
(z —1)(
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Combining these gives

Z nt" Py (z) = (x — t) Z t" P! (z),
n=0 n=0

and by equating coefficients of t" we obtain the recurrence relation

nPy(z) = xP,(z) = P, _,(x).

An Example From FElectrostatics
In electrostatics, the potential due to a unit point charge at r = rg is

1
lr —ro|’

If this unit charge lies on the z-axis, at x =y = 0, z = a, this becomes
1
V= .
Va2 + 2+ (2 = a)?

In terms of spherical polar coordinates, (r,0, ¢),

x=rsinfcos¢, y=rsinfsing, z=rcosh.
This means that

x2+y2+(z—a)2:m2+y2+z2—2az+a2:7”2—1—&2—2(12,

1 1 2\ ~1/2
— = — 1—2C089C+% .
Vr2+ a2 —2arcosf a a a

and hence

As we would expect from the symmetry of the problem, there is no dependence
upon the azimuthal angle, ¢. We can now use the generating function to write this
as a power series,

V= (llni_o%Pn (cos9) <£>n

2.4 Rodrigues’ Formula
There are other methods of generating the Legendre polynomials, and the most

useful of these is Rodrigues’ formula,

1 an
T onpl dan

P (z) (2* = 1)"}.

For example, for n =1,

1 d!t

Pi@) = 5y gt

{@* -1} =,
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whilst for n = 2,

1 d? 1 d 1
Py(x) = ﬁ@{(xz -1)% = ﬁ@{‘lx(fﬁ -1}t = 5(3952 = 1).

The general proof of this result is by induction on n, which we leave as an exercise.

Rodrigues’ formula can also be used to develop an integral representation of the
Legendre polynomials. In order to show how this is done, it is convenient to switch
from the real variable x to the complex variable z = x + iy. We define the finite
complex Legendre polynomials in the same way as for a real variable. In particular
Rodrigues’ formula,

1 dn n
= onpl dzn (22 B 1) ’

Pp(z)

will be useful to us here. Recall from complex variable theory (see Appendix 6)
that, if f(z) is analytic and single-valued inside and on a simple closed curve C,

T 2mi Jo (€ —2)n !

dg,

for n > 0, when z is an interior point of C. Now, using Rodrigues’ formula, we have

2 _ n
P) = gorm; || ((5 D" e, (2.6)

T oontlgg £ — z)ntl

which is known as Schléfli’s representation. The contour C must, of course,
enclose the point £ = 2z and be traversed in an anticlockwise sense. To simplify
matters, we now choose C to be a circle, centred on £ = z with radius |v22 — 1|,
with z # 1. Putting & = z + V22 — 1 gives, after some simple manipulation,

P, (2) ! /27r (z+ z2—1cose)nd9.

— 27 Jo—o

This is known as Laplace’s representation. In fact it is also valid when z = 1,
since

1 27
P,(1) = 2—/ 1d6 = 1.
™ Jo

Laplace’s representation is useful, amongst other things, for providing a bound on
the size of the Legendre polynomials of real argument. For z € [—1, 1], we can write
z = cos ¢ and use Laplace’s representation to show that

1 2
| P, (cos ¢)| < 2—/ | cos ¢ + isin ¢ cos 0™ df.
T Jo

Now, since

| cos ¢ + isin ¢ cosf| = \/cos2¢+sin2¢cos20 < \/c082¢+sin2¢ =1,

we have | P, (cos ¢)| < 1.
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2.5 Orthogonality of the Legendre Polynomials
Legendre polynomials have the very important property of orthogomnality on

[—1,1], that is

1
2

where the Kronecker delta is defined by

5 — 1 for m = n,
0 for m # n.

To show this, note that if f € C[—1, 1], Rodrigues’ formula shows that

1
2!

1 1 n
| r@Pu@ts = g [ 5@ @ = 1)

n—1 1 1 n—1
= 5 { @ e -] - [ e e - 1>”}dx}

1 1 dn—1 )
_ ! n
- L 7'() S (e = 1)
Repeating this integration by parts (n — 1) more times gives

1 _1\n 1
[ s@ra@ae= SO0 [ @2 -1, (25)
-1

2””! -1

where £ (z) is the n'" derivative of f(z). This result is interesting in its own
right, but for the time being consider the case f(x) = Py, (z) with m < n, so that

21!

1 _1\n 1
llpm(x)Pn(x)dx: (=1) /jﬁ —1)"P™ (z)dz.

Since the n'" derivative of an m™ order polynomial is zero for m < n, we have

1
/ Py (z)Py(x)dz =0 for m < n.

-1

By symmetry, this must also hold for m > n.
Let’s now consider the case n = m, for which

/1 P, (z) P, (z)dx = (=D" /1 (2% — 1)"P{™) (z)dx

2mn!

:(‘1)”/_ (@1 —— L 2 1)

21

Noting the fact that
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and hence that

d2n

dxﬁ(a:Q—1)":2n(2n—1)...3-2~1:(Qn)!,

we can see that

/ P, (z) P, (z)dx = (_1)n/ (2 —1)" ! !(2n)!dm

1 2nn! ) 2nn

— (_1)n(2n)|/ (,TQ _ 1)nd$.

2n(n2 | |
To evaluate the remaining integral, we use a reduction formula to show that

L 22 2l(n 4+ D)I(—1)"
/_1(:c T D= (2n + 2)! '

and hence
2
T oan+ 17

/_11 P%(z)dx

This completes the derivation of (2.7). There is an easier proof of the first part
of this, using the idea of a self-adjoint linear operator, which we will discuss in
Chapter 4.

We have now shown that the Legendre polynomials are orthogonal on [—1,1].
It is also possible to show that these polynomials are complete in the function
space C[—1,1]. This means that a continuous function can be expanded as a linear
combination of the Legendre polynomials. The proof of the completeness property
is rather difficult, and will be omitted here.f What we can present here is the
procedure for obtaining the coefficients of such an expansion for a given function
f(z) belonging to C[—1,1]. To do this we write

f(x) =aoPo(x) + a1 Pr(x) + -+ apnPp(x)+--- = ZanPn(x).

Multiplying by P,,(x) and integrating over [—1, 1] (more precisely, forming the inner
product with P, (x)) gives

oo

1 1
/ f(@) Py () dz = / Pr(2) > anPo(z)ds.
-1 1 n=0

1 Just to give a flavour of the completeness proof for the case of Legendre polynomials, we note
that, because of their polynomial form, we can deduce that any polynomial can be written
as a linear combination of Legendre polynomials. However, according to a fundamental result
due to Weierstrass (the Weierstrass polynomial approximation theorem) any function which is
continuous on some interval can be approximated as closely as we wish by a polynomial. The
completeness then follows from the application of this theorem. The treatment of completeness
of other solutions of Sturm—Liouville problems may be more complicated, for example for Bessel
functions. A complete proof of this can be found in Kreider, Kuller, Ostberg and Perkins (1966).
‘We will return to this topic in Chapter 4.
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Interchanging the order of summation and integration leads to

/ F(2) Py (z)dz = i an {/1 Pn(x)Pm(x)dz}

n=0 -1

S
=~ 2m—|—1 Bmn = om+1’

using the orthogonality property, (2.7). This means that

om+1 [!
= /_1 f(z) P (x)dx, (2.9)

and we write the series as

0 =3 {25 [ s ns ) p

This is called a Fourier—Legendre series.
Let’s consider a couple of examples. Firstly, when f(z) = 22,

2 1/t
Ay, = m2—|— / 2P, (z)dz,
1

so that

2.9)4+1 1 .1 5 [ 32° 310 2
(J,Q:i( )+ / x27(3m2—1)d9€:f o T = —.
2 -1 2 ’ 1

Also, (2.8) shows that
am =0 form=3,4,...,
and therefore,

1 2
2
2” = gPh(2) + 3 P(2)
A finite polynomial clearly has a finite Fourier—Legendre series.

Secondly, consider f(x) = e*. In this case

2m+1 (!
Ay, = m2—|— / €* Py (z) dz,
-1

and hence
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3 1
ay = f/ ze®dr=3e L.
2/,

To proceed with this calculation it is necessary to find a recurrence relation between
the a,,. This is best done by using Rodrigues’ formula, which gives

Ay
an = (2n+1) <2n _23 - a,,,_l) forn=23,..., (2.10)

from which the values of a4, as, ... are easily computed.

We will not examine the convergence of Fourier-Legendre series here as the de-
tails are rather technical. Instead we content ourselves with a statement that the
Fourier-Legendre series converges uniformly on any closed subinterval of (—1,1)
in which f is continuous and differentiable. An extension of this result to the
space of piecewise continuous functions is that the series converges to the value
s {f(z{)+ f(zg)} at each point z¢ € (—1,1) where f has a right and left deriva-
tive. We will prove a related theorem in Chapter 5.

2.6 Physical Applications of the Legendre Polynomials

In this section we present some examples of Legendre polynomials as they arise
in mathematical models of heat conduction and fluid flow in spherical geometries.
In general, we will encounter the Legendre equation in situations where we have
to solve partial differential equations containing the Laplacian in spherical polar
coordinates.

2.6.1 Heat Conduction

Let’s derive the equation that governs the evolution of an initial distribution of
heat in a solid body with temperature 7', density p, specific heat capacity ¢ and
thermal conductivity k. Recall that the specific heat capacity, ¢, is the amount
of heat required to raise the temperature of a unit mass of a substance by one
degree. The thermal conductivity, k, of a body appears in Fourier’s law, which
states that the heat flux per unit area, per unit time, Q = (Q4, Qy, @), is related
to the temperature gradient, V7', by the simple linear relationship Q = —kVT. If
we now consider a small element of our solid body at (x,y, z) with sides of length
bz, 6y and 6z, the temperature change in this element over a time interval 6t is
determined by the difference between the amount of heat that flows into the element
and the amount of heat that flows out, which gives

peAT (x,y,z,t +6t) = T (2,y,2,t)} dxdydz
= {Qx (fﬁ,y, Z,f) —Qz (1‘ + o, y, Z,t)} 6tbybdz

+ {QZ (Qj,y’ th) - Qz (I7y, Z+ 6Z,t)} 6t6$6y
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p k c K
kem™@ Jm'sTPKT' JkgT!' KT! m? s
copper 8920 385 386 1.1 x 1074
water 1000 254 4186 6.1 x 107°
glass 2800 0.8 840 3.4 x 1077

Table 2.1. Some typical physical properties of copper, water (at room temperature
and pressure) and glass.

Note that a typical term on the right hand side of this, for example,
{QQJ (£E7 Y, 2, t) - Qm (SC + 5$, Y, z, t)} §t5y62a

is the amount of heat crossing the z-orientated faces of the element, each with area
6ybz, during the time interval (¢,¢ -+ 6t). Taking the limit ét, 6z, oy, 6z — 0, we
obtain

o [0Q. 0Q, 0Q.\
ot {8x+8y+8z} v-Q

Substituting in Fourier’s law, Q = —kVT, gives the diffusion equation,

%—f = KV?T, (2.12)

where K = k/pc is called the thermal diffusivity. Table 2.1 contains the values
of relevant properties for three everyday materials.

When the temperature reaches a steady state (07'/9t = 0), this equation takes
the simple form

V2T =0, (2.13)

which is known as Laplace’s equation. It must be solved in conjunction with
appropriate boundary conditions, which drive the temperature gradients in the
body.

Ezxample

Let’s try to find the steady state temperature distribution in a solid, uniform sphere
of unit radius, when the surface temperature is held at f() = Tpsin* @ in spherical
polar coordinates, (r,8,¢). This temperature distribution will satisfy Laplace’s
equation, (2.13). Since the equation and boundary conditions do not depend upon
the azimuthal angle, ¢, neither does the solution, and hence Laplace’s equation

takes the form
10 (,0T 1 o (. oT
2 or ( ar) T 2 sne 00 (bm%e> =0

Let’s look for a separable solution, T'(r,d) = R(r)O(6). This gives

d [ ,dR R d (. ,dO
% ( d) T Snd do (Sm%e> =0
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ld(.dRY 1 df. ,d®
Rar\" ar )~ "©smods \""" a0 )"

Since the left hand side is a function of r only and the right hand side is a function
of 8 only, this equality can only be valid if both sides are equal to some constant,
with

and hence

1d [ ,dR
Rdr \" ar

This choice of constant may seem rather ad hoc at this point, but all will become

—711'9@— tant = n(n+ 1)
= @Sin@d@ Sin d@ = constant = n(n .

clear later.
We now have an ordinary differential equation for ©, namely

1 d (. do
T <51n0d9> +n(n+1)© =0.
Changing variables to

p=cost, y(u)=0O(0),

and using
d do d -1 d
dp ~ dpdf  sinfde’

sin? =1 — p?,

leads to
- {(1 - Mz)z] +n(n+1)y =0,

or, equivalently
(1 =)y = 2py" +n(n+ 1)y =0,

which is Legendre’s equation. Since a physically meaningful solution must in this
case be finite at © = 41 (the north and south poles of the sphere), the solution,
to within an arbitrary multiplicative constant, is the Legendre polynomial, y(u) =
P, (p), and hence ©,,(6) = P,,(cos#). We have introduced the subscript n for © so
that we can specify that this is the solution corresponding to a particular choice of
n. Note that we have just solved our first boundary value problem. Specifically, we
have found the solution of Legendre’s equation that is bounded at p = +1.
We must now consider the solution of the equation for R(r). This is

d [ ,dR\

By inspection, by the method of Frobenius or by noting that the equation is in-
variant under the transformation group (r, R) — (Ar, AR) (see Chapter 10), we can
find the solution of this equation as

R,(r) = A,r™ + Br— 17",

where again the subscript n denotes the dependence of the solution on n and A,
and B,, are arbitrary constants. At the centre of the sphere, the temperature must
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be finite, so we set B,, = 0. Our solution of Laplace’s equation therefore takes the
form

T = A,r"P,(cosb).

As this is a solution for arbitrary n, the general solution for the temperature will
be a linear combination of these solutions,

T = Z Apr" Py, (cosb).

n=0

The remaining task is to evaluate the coefficients A,,. This can be done using the
specified temperature on the surface of the sphere, T = Tysin? 6 at r = 1. We
substitute 7 = 1 into the general expression for the temperature to get

f(8) = Tysin® 0 = Z A, P,(cosb).

n=0

The A,, will therefore be the coefficients in the Fourier—Legendre expansion of the
function f(0) = Tysin 0.
It is best to work in terms of the variable p = cos . We then have

To(1—p?)? =Y AuPu(p).
n=0

From (2.9),

Since the function that we want to expand is a finite polynomial in u, we expect
to obtain a finite Fourier-Legendre series. A straightforward calculation of the
integral gives us

1 16 5 32 9 16

Ag == -—=Tp, A = Ay = —= . —Ty, Asz= Ay = —T,
0=5 T A 0, Az 5 Top Lo As 0, Ay 5 31510
Ap =0 form=5,6,....
The solution is therefore
T=T ﬁP (COSQ)—ETQP (cos@)—l—ér‘lP (cosB) (2.14)
N1 21 2 35 ' '

This solution when Ty = 1 is shown in Figure 2.3, which is a polar plot in a plane
of constant ¢. Note that the temperature at the centre of the sphere is 87, /15. We
produced Figure 2.3 using the MATLAB script

ezmesh(Pr*cos(t)’, ’r*sin(t)’,’8/15-8*r"2*x(3*cos(t) "2-1)/21+...
8*r~4*(35*cos(t) "4/8-15*cos(t) "2/4+3/8)/35°, [0 1 0 pil)
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The function ezmesh gives an easy way of plotting parametric surfaces like this.
The first three arguments give the x, y and z coordinates as parametric functions
of r and t = 6, whilst the fourth specifies the ranges of r and ¢.

‘“lm“ﬁ

T
lll;l‘““‘.“ %
W

ey
\‘“\\\‘ ¢l
LRSS
A s,
SRR
NN
S

distance from axis

Fig. 2.3. The steady state temperature in a uniform sphere with surface temperature
sin? 0, given by (2.14).

2.6.2 Fluid Flow

Consider a fixed volume V bounded by a surface S within an incompressible
fluid. Although fluid flows into and out of V| the mass of fluid within V remains
constant, since the fluid is incompressible, so any flux out of V' at one place is
balanced by a flux into V' at another place. Mathematically, we can express this as

/u~ndS:0,
s

where u is the velocity of the fluid, n is the outward unit normal to S, and hence
u-n is the normal component of the fluid velocity out through .S. If the fluid velocity
field, u, is smooth, we can use the divergence theorem to rewrite this statement of

conservation of mass as
/ V-udV =0.
\%

As this applies to an arbitrary volume V' within the fluid, we must have V-u =10
throughout the flow. If we also suppose that the fluid is inviscid (there is no
friction as one fluid element flows past another), it is possible to make the further
assumption that the flow is irrotational (V x u = 0). Physically, this means that
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there is no spin in any fluid element as it flows around. Inviscid, irrotational,
incompressible flows are therefore governed by the two equations V - u = 0 and
V xu = 0.t For simply connected flow domains, V xu = 0 if and only if u = V¢ for
some scalar potential function ¢, known as the velocity potential. Substituting
into V-u = 0 gives V2¢ = 0. In other words, the velocity potential satisfies
Laplace’s equation. As for boundary conditions, there can be no flux of fluid into
a solid body so that u-n =n-V¢ = 9¢/dn = 0 where the fluid is in contact with
a solid body.

As an example of such a flow, let’s consider what happens when a sphere of radius
r = a is placed in a uniform stream, assuming that the flow is steady, inviscid and
irrotational. The flow at infinity must be uniform, with u = Ui where i is the
unit vector in the x-direction. First of all, it is clear that the problem will be best
treated in spherical polar coordinates. We know from the previous example that
the bounded, axisymmetric solution of Laplace’s equation is

o= Z (Apr™ 4+ Bpr~' ™) P,(cosf). (2.15)
n=0
The flow at infinity has potential ¢ = Uz = U r cosf. Since P;(cosf) = cosf, we
see that we must take A7 = 1 and A,, = 0 for n > 1. To fix the constants B,,
notice that there can be no flow through the surface of the sphere. This gives us
the boundary condition on the radial velocity as

_ 09
T or

On substituting (2.15) into this boundary condition, we find that B; = 1a® and
B,, = 0 for n > 1. The solution is therefore

Uy =0 atr=a.

p=U <r + a3> cos 0. (2.16)

272

The streamlines (continuous curves that are tangent to the velocity vector) are
shown in Figure 2.4 when @ = U = 1. In order to obtain this figure, we note that
(see Section 7.2.2) the streamlines are given by

0 (r= Y sino = vy (1 « — constant
P = T—T—Q sinf = Uy —W = constant.

We can then use the MATLAB script

x = linspace(-2,2,400); y = linspace(0,2,200);
[X Y] = meshgrid(x,y);

Z =Y. %x(1-1./(X.72+Y."2).7(3/2));

v = linspace(0,2,15); contour(X,Y,Z,v)

t We will consider an example of viscous flow in Section 6.4.
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The command meshgrid creates a grid suitable for use with the plotting command
contour out of the two vectors, x and y. The vector v specifies the values of ¥ for
which a contour is to be plotted.

2
18
1.6f
14
12F

= 1

-2 =15 -1 =0.5 o 0.5 1 1.5 2

Fig. 2.4. The streamlines for inviscid, irrotational flow about a unit sphere.

In order to complete this example, we must consider the pressure in our ideal
fluid. The force exerted by the fluid on a surface S by the fluid outside S is purely
a pressure, p, which acts normally to S. In other words, the force on a surface
element with area dS and outward unit normal n is —pn dS. We would now like to
apply Newton’s second law to the motion of the fluid within V', the volume enclosed
by S. In order to do this, we need an expression for the acceleration of the fluid.
Let’s consider the change in the velocity of a fluid particle between times t and
t + 6t, which, for small ét, we can Taylor expand to give

w(x(t + 6t),t + 6t) — u(x(t), t) = ot {g‘:(x, £+ % . vll(m)} L
ou
= 51§ D) + (e, 1) - V) ulet) b4
since u = dx/dt. This means that the fluid acceleration is
Du Ou
Dt ot +(u-V)u,

where D/Dt is the usual notation for the material derivative, or time derivative
following the fluid particle.
We can now use Newton’s second law on the fluid within S to obtain

Du
—pndS = —dV.
Jormas= [ o

After noting that

/SpndS:i/S(pi)-ndS—i—j/S(pj)~ndS—|—k/S(pk)-ndS,
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where i, j, k are unit vectors in the coordinate directions, the divergence theorem,
applied to each of these integrals, shows that

/pndS—l/ pdv+/ pdV+k/—pdV /vpdv,
p) p) oy v

and hence that
Du
—_— dV = 0.
/{ DtJer} V=0

Since V is arbitrary,

Du 1
D
and for steady flows
1
(uV)u= —;Vp. (2.17)

We earlier used the irrotational nature of the flow to write the velocity field as the
gradient of a scalar potential, u = V¢. Since (u-V)u=V (3u-u)—ux(V x u),

for irrotational flow (u-V)u =V (3u-u) and we can write (2.17) as

1 1
v(51997) =5,
P
p, 1 2\
v (L4 vel) =0
p 2

which we can integrate to give

and hence

1
b 3 IVo|* = C, (2.18)

which is known as Bernoulli’s equation. Its implication for inviscid, irrotational
flow is that the pressure can be calculated once we know the velocity potential, ¢.
In our example, ¢ is given by (2.16), so that

2 2 I, 2 a®\’ 2 1 a® 2.2
Vol :¢7-+72¢9:U 1—73 cos 0+72 r+2—2 sin“ 6 » |

and Bernoulli’s equation gives

a®\? 1 a®\?
1— <1_r3> 00529+r2<7’+22> sin®6 3|,

where we have written p, for the pressure at infinity. This expression simplifies on
the surface of the sphere to give

1
P =P+ 5pU”

1 9
Pl = Poo + §,OU2 (1 1 sin? 9) .

This shows that the pressure is highest at # = 0 and 7, the stream-facing poles of
the sphere, with p = po + % pU?, and drops below pso over a portion of the rest of
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the boundary, with the lowest pressure, p = poo — %pUQ, on the equator, § = /2.
The implications of this and the modelling assumptions made are discussed more
fully by Acheson (1990).

2.7 The Associated Legendre Equation

We can also look for a separable solution of Laplace’s equation in spherical polar
coordinates (r, 0, ¢), that is not necessarily axisymmetric. If we seek a solution of
the form y(0)®(4)R(r), we find that ® = €™ with m an integer. The equation
for y is, after using the change of variable x = cos 0,

d?y

dy m?2
(1—x2)dxz—2xdx+{n(n+l)— 1_acz}y:O. (2.19)

This equation is known as the associated Legendre equation. It trivially reduces
to Legendre’s equation when m = 0, corresponding to separable axisymmetric
solutions of Laplace’s equation. However, the connection is more profound than
this.

If we define

Y = (1—-2%)""y,
Y is the solution of
(1-2)Y" =2(m+ 1)z’ + (n—m)(n+m+1)Y =0. (2.20)
If we write Legendre’s equation in the form
(1—2%2" —227 +n(n+1)Z =0,
which has solution Z = AP, (x) + BQ,(x), and differentiate m times, we get
(1—22)[ 2" —2(m 4+ 1)z[Z") + (n —m)(n+m+1)Z™ =0,  (2.21)

where we have written Z(™) = d™Z/dx™. A comparison of (2.20) and (2.21) shows
that
d m

Y = —
dmm[

APy (z) + BQu()],

and therefore that

am am
y=(1- xQ)m/2 {AdImPn(x) + dean(x)} .

We have now shown that the solutions of the differential equation (2.19) are

y = AP (z) + BQ; (x),

d am
Pm(x) = (1 - x2)m/2 dz™ Pn($)7 Q?(.’ﬂ) = (1 - x2)m/2 dz™ Qn(x)

The functions P (x) and Q7 (x) are called the associated Legendre functions.
Clearly, from what we know about the Legendre polynomials, P*(z) =0 if m > n




2.7 THE ASSOCIATED LEGENDRE EQUATION

and Q7 (x) is singular at x = 1. It is straightforward to show from their definitions
that

Pl(z) = (1 —2®)Y? =sinf, P}(zx)=3xz(1 —2%)"? = 3sinfcosf = ;sin%,

P}(x) = 3(1 — %) = 3sin*0 = g(l — cos 20),

P} (z) = 2(53;‘2 —1)(1—2?)/2 = g(siHG + 5sin 30),

where z = cos 6.

There are various recurrence formulae and orthogonality relations between the
associated Legendre functions, which can be derived in much the same way as those
for the ordinary Legendre functions.

Ezxzample: Spherical harmonics

Let’s try to find a representation of the solutions of Laplace’s equation in three
dimensions,

Fu u u_
0x2 = oy? 022
that are homogeneous in x, y and z. By homogeneous we mean of the form z*y’ z*.

It is simplest to work in spherical polar coordinates, in terms of which Laplace’s
equation takes the form

9 rz@ + L o sinﬂ@ —I—L@—O

or or sin 6 00 00 sin?6 042
A homogeneous solution of order n = i + j + k in (z,y, z) will look, in the new
coordinates, like u = r™S, (0, ¢). Substituting this expression for u in Laplace’s
equation, we find that

1 9 (. 08 1 828,
sin @ 90 <Sm680) T sin2 6 02 +n(n+1)8, = 0.

Separable solutions take the form
Sp = (Am cosme + By, sinmae) F(6),
with m an integer. The function F'(6) satisfies
1 d dF m?
— [ sinf— 1) — F=0.
Sin 6 d (Sm d9> + {”(7” ) sin29} 0

If we now make the usual transformation, u = cos, F(0) = y(u), we get

1— 12" — 20/ I_LQ _
(L=p?)y" —2py" + {n(n+1) T2 y=0,
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which is the associated Legendre equation. Our solutions can therefore be written
in the form

u=r"(Ay, cosme + By, sinm@){Cy, m P (cos0) + Dy i@ (cos 0) }.

The quantities 7™ cosme P (cos ), which appear as typical terms in the solution,
are called spherical harmonics and appear widely in the solution of linear bound-
ary value problems in spherical geometry. We will see how they arise in a quantum
mechanical description of the hydrogen atom in Section 4.3.6.

Exercises

2.1 Solve Legendre’s equation of order two, (1 — x2)y"” — 2zy’ + 6y = 0, by the
method of Frobenius. What is the simplest solution of this equation? By
using this simple solution and the reduction of order method find a closed
form expression for Q1 (x).

2.2 Use the generating function to evaluate (a) P, (1), (b) P,(0).

2.3 Prove that

(a) Pria(z) = Py (x) = (2n + 1) Po (),
(b) (1 —2*)P.(z) = nP,_1(2z) — nxP,(x).
2.4 Find the first four nonzero terms in the Fourier-Legendre expansion of the
function

Fz) = 0 for —1<2 <0,
11 for0<a<l1.

What value will this series have at x = 07
2.5 Establish the results

1
2
(a) /_1 PPa(@)Ps (@) = 2 form=1,2,...,

1
(b) / Po(2)P,y(2)dz =2 forn=0,1,...

-1

1
2
(c) [lxpé(x)Pn(m)dx: 2nj—1 forn=0,1,....

2.6 Determine the Wronskian of P, and @,, forn=0,1,2,... .

2.7 Solve the axisymmetric boundary value problem for Laplace’s equation,
V2T = 0 for0<r<a,0<0<m,
T(a,0) = 2cos’.

2.8 Show that
(a) P2(x) = 150(1— ),
(b) Plz) = g(7x3—3x)(1—x2)1/2.



2.9
2.10
2.11

2.12

2.13

2.14

EXERCISES

* Prove that |P.(x)] < n? and |P/(z)| < n* for -1 <z < 1.
Derive Equation (2.10).
* Find the solution of the Dirichlet problem, V2® = 0 in r > 2 subject to
d — 0 as r — oo and D(2,6, ¢) = sin? 6 cos 2¢.
* The self-adjoint form of the associated Legendre equation is
2

% (1- xQ)P;L"(x)} + {n(n+ 1) — lme } P (z) =0.

Using this directly, prove the orthogonality property

1
/ P ()P (x)dr =0 forl# n.

-1

Evaluate

1
/ [PTZL(JC)}2 dz.
-1

(a) Suppose P, (x¢) = 0 for some xy € (—1,1). Show that xg is a simple

Zero.

(b) Show that P, with n > 1 has n distinct zeros in (—1,1).
Project A simplified model for the left ventricle of a human heart is pro-
vided by a sphere of time-dependent radius R = R(t) with a circular aortic
opening of constant area A, as shown in Figure 2.5. During contraction
we suppose that the opening remains fixed whilst the centre of the sphere
moves directly toward the centre of the opening and the radius R(t) de-
creases accordingly. As a result, some of the blood filling the ventricle
cavity is ejected though the opening with mean speed U = U(¢) into the
attached cylindrical aorta. This occurs sufficiently rapidly that we can as-
sume that the flow is inviscid, irrotational, incompressible, and symmetric
with respect to the aortal axis.

(a) State a partial differential equation appropriate to the fluid flow for
this situation.

(b) During contraction, show that a point on the surface of the ventricle
has velocity

Rn — (Ra)i,

where n is the outward unit normal at time ¢, i is the unit vector
in the aortic flow direction and a = cosa(t). Show that having
(Rsina)? = R?(1 — a?) constant gives

%—f()— Us fora < s <1,
an IV T R(1—s/a) for —1<s<a,

where s = cos § with 6 the usual spherical polar coordinate.
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Fig. 2.5. A simple model for the left ventricle of the human heart.

(c¢) Show that, for a solution to exist, f_ll f(s)ds = 0. Deduce that

R = [a(a — 1)/(a + 1)]U, which relates the geometry to the mean
aortal speed.

(d) Let V = V(t) denote both the interior of the sphere at time ¢ and
its volume. The total momentum in the direction of i is the blood-
density times the integral

1= [ vo-iav = [ (s0)l—pas

where S is the surface of V. Hence show that

4 3

) 1 1
I =27 R? Z cn/ sP,(s)ds = §7TR261 = §V/ sf(s)ds.
n=0 -1 -1



EXERCISES

(e) Use the answer to part (c) to show that 41 = (1—a)(a®?+4+3a)VU.

(f) Explain how this model could be made more realistic in terms of the
fluid mechanics and the physiology. You may like to refer to Pedley
(1980) for some ideas on this.
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CHAPTER THREE

Bessel Functions

In this chapter, we will discuss a class of functions known as Bessel functions.
These are named after the German mathematician and astronomer Friedrich Bessel,
who first used them to analyze planetary orbits, as we shall discuss later. Bessel
functions occur in many other physical problems, usually in a cylindrical geometry,
and we will discuss some examples of these at the end of this chapter.
Bessel’s equation can be written in the form
d’y  dy
2 2 2
T+ T e —v =0, 3.1

dx? dx + )y (3.1)
with v real and positive. Note that (3.1) has a regular singular point at x = 0.
Using the notation of Chapter 1,

zQ  z? ) 2?R 2? (2% —1?) s 9
—_— = — = = =xr — VUV 5
P a2 P z2
both of which are polynomials and have Taylor expansions with infinite radii of
convergence. Any series solution will therefore also have an infinite radius of con-

vergence.

3.1 The Gamma Function and the Pockhammer Symbol

Before we use the method of Frobenius to construct the solutions of Bessel’s equa-
tion, it will be useful for us to make a couple of definitions. The gamma function
is defined by

oo
I(z) = / e 1¢" tdg, for x> 0. (3.2)
0
Note that the integration is over the dummy variable g and z is treated as constant
during the integration. We will start by considering the function evaluated at x = 1.
By definition,
oo
) = / e 1dg=1.
0

We also note that

Me+1)= [ ot da,
0



3.1 THE GAMMA FUNCTION AND THE POCKHAMMER SYMBOL
which can be integrated by parts to give
Pz+1) = [fq‘”e*q} + / e Ixg" Vdg = :c/ e " dg = 2T(x).
0 0 0
We therefore have the recursion formula
D(z+1) =al(z). (3.3)
Suppose that x = n is a positive integer. Then
'n+1)=nT(n)=nn-1)I'n—-1)=---=n(n-1)...2-1=nl (3.4)

We therefore have the useful result, I'(n + 1) = n! for n a positive integer.
We will often need to know I" (1/2). Firstly, consider the definition,

r <1) :/ e"9g71?dq.
2 0

If we introduce the new variable Q = /g, so that d@Q = %(1_1/2dq7 this integral

becomes
r <1) - 2/ e~ dQ.
2 0

We can also write this integral in terms of another new variable, ) = Q, to obtain

Q) -G o) o o)

Since the limits are independent, we can combine the integrals as

Q) - [

If we now change to standard polar coordinates we have d@ dQ = r dr df, where
Q =rcosf and Q = rsinf, and hence

1 2 m/2 ) )
{1" ()} :4/ / e " rdrd.
2 6=0 r=0

The limits of integration give us the positive quadrant of the (Q, C})—plane7 as re-
quired. Performing the integration over 6 we have

1\ > ©
{F<2>} :277/0 re dr,

and integrating with respect to r gives

Y -] =

Finally, we have
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We can use I'(z) = I'(z + 1)/x to define I'(x) for negative values of z. For

example,
r(-i+1
r (_;) _ ( 21+ ) — 9T (1> — _2\/}.
2

We also find that T'(z) is singular at = 0. From the definition, (3.2), the integrand
diverges like 1/¢q as ¢ — 0, which is not integrable. Alternatively, I'(x) = T'(z+1)/x
shows that I'(z) ~ 1/x as # — 0. Note that the gamma function is available in
MATLAB as the function gamma.

The Pockhammer symbol is a simple way of writing down long products. It
is defined as

(@) =ala+1)(a+2)...(a+r—1),

so that, for example, (a); = « and (a)s = a(a + 1), and, in general, (a), is a
product of r terms. We also choose to define (a)g = 1. Note that (1),, = nl. A
relationship between the gamma function and the Pockhammer symbol that we will
need later is

L(z) (2)n =T(z +n) (3.6)

for = real and n a positive integer. To derive this, we start with the definition of
the Pockhammer symbol,

@)p=2(z+1)(xz+2)...(x+n—1).
Now

(@) (z), =T(@){z(z+1)(z+2)...(x+n—-1)}

={T'(x)z}{(z+1)(z+2)...(x+n—-1)}.
Using the recursion relation (3.3),
I(@) (@) =T(z+ D{z+D(@+2)... (¢ +n-1)}.
We can repeat this to give

Nz) (@), =T(x+n—-1)(z+n—-1)=T(z+n).

3.2 Series Solutions of Bessel’s Equation
We can now proceed to consider a Frobenius solution,

oo
y(z) = Z ap "t

n=0

When substituted into (3.1), this yields

oo o0
z? Z an(n+c)(n+c—1)z"t"2 4z Z an(n +c)z™ et

n=0 n=0



3.2 SERIES SOLUTIONS OF BESSEL’S EQUATION

oo
+(z% —v?) Z anz" ¢ =0.

n=0

We can now rearrange this equation and combine corresponding terms to obtain

o0 o0

Z an{(n+c)* —v?}a"te 4 Z apz"tet? = 0.

n=0 n=0
We can extract two terms from the first summation and then shift the second one
to obtain

ao(c® — vz + a{(1+c)* — v}t

+3 fan{(n+c)* = v*} + ap_aJz" e = 0. (3.7)

n=2

The indicial equation is therefore ¢ — v? = 0, so that ¢ = .

We can now distinguish various cases. We start with the case for which the
difference between the two roots of the indicial equation, 2v, is not an integer. Using
Frobenius General Rule II, we can consider both roots of the indicial equation at
once. From the second term of (3.7), which is proportional to z¢*!, we have

a{(1+v)? —1v?} =a;(1+2v) =0,

which implies that a; = 0 since 2v is not an integer. The recurrence relation that
we obtain from the general term of (3.7) is

an{(niy)Q—Vz}—f—an,Q:O forn=2,3,...,

and hence a,, = 0 for n odd. Note that it is not possible for the series solution
to terminate and give a polynomial solution, which is what happens to give the
Legendre polynomials, which we studied in the previous chapter. This makes the
Bessel functions rather more difficult to study.

We will now determine an expression for the value of a,, for general values of the
parameter v. The recurrence relation gives us

Gp—2
Op = —————.
n(n £ 2v)
Let’s start with n = 2, which yields
ag
g = —————
2T 22+ w)’
and now with n = 4,
a2
ay=———"——.
YT 4t w)
Substituting for as in terms of ag gives
ag @o

U U2 tw) 4.2 22x)1£0)2(2-1)
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We can continue this process, and we find that

ao
B R
(=1) 220 (1 + ), n!’

aopn = (38)

where we have used the Pockhammer symbol to simplify the expression. From this
expression for asy,

e 2n
_ +v n z
y(@) = aoz™ Y (=1) 20 (1+ ), n!’
n=0 nor

With a suitable choice of ag we can write this as

i > 22 /4)"
y(:(:) = AQiVF(l + 1) ;PD” (1(:|: l//)ZL ol = AJiz/(x)'

These are the Bessel functions of order +v. The general solution of Bessel’s equa-
tion, (3.1), is therefore

y(z) = AJ,(z) + BJ_,(x),
for arbitrary constants A and B, with
e oo . (x2/4)n

v (2) = 2+ (1 £ v) Z)(_ ) 1xv),n!’

(3.9)

Remember that 2v is not an integer.

Let’s now consider what happens when v = 0, in which case the indicial equation
has a repeated root and we need to apply Frobenius General Rule III. By setting
v = 0 in the expression (3.8) for a, and exploiting the fact that (1), = n!, one
solution is

Jo(x) =D (=1)" (n1!)2 (aj)"

n=0

Using Frobenius General Rule ITI, we can show that the other solution is

oo 2 n
1) = e~ S 0 ()
which is called Weber’s Bessel function of order zero. This expression can be
derived by evaluating dy/0c at ¢ = 0. Note that we have made use of the function
@(n) defined in (1.21).
We now consider the case for which 2v is a nonzero integer, beginning with 2v
an odd integer, 2n + 1. In this case, the solution takes the form

y(l’) = AJn+1/2(I) + BJ_n_l/Q(.T).

As an example, let’s consider the case v = % so that Bessel’s equation is

d?y 1dy 1
SV YL (1o —)y=0.
dx2+xd:v+( 4m2>y 0




3.2 SERIES SOLUTIONS OF BESSEL’S EQUATION
We considered this example in detail in Section 1.3.1, and found that

(2) cosT n sinx
T)=ag—= +a1—~.
Yy 07, 1/2 L p1/2

This means that (see Exercise 3.2)

2
Ji2(x \/ﬂ_—xsmx J_1/2(x) = \/—cosx

The recurrence relations (3.21) and (3.22), which we will derive later, then show
that Jy,41/2(x) and J_,,_q/2(x) are products of finite polynomials with sin and
CoS .

Finally we consider what happens when 2v is an even integer, and hence v is an
integer. A rather lengthy calculation allows us to write the solution in the form

y = AJ,(z) + BY, (),
where Y, is Weber’s Bessel function of order v defined as

Jy(x) cosvm — J_,,(x) '

sinvmw

Notice that the denominator of this expression is obviously zero when v is an integer,
so this case requires careful treatment. We note that the second solution of Bessel’s
equation can also be determined using the method of reduction of order as

r 1
y(x) = AJ,(x) + BJ,(x / _
(@) = AL@) + B ) [ sy
In Figure 3.1 we show J;(x) for ¢ = 0 to 3. Note that Jy(0) = 1, but that J;(0) =0
for i > 0, and that Ji(j)(O) =0 for j <14, 7> 1. We generated Figure 3.1 using the
MATLAB script

dq.

x=0:0.02:20;

subplot(2,2,1), plot(x,besselj(0,x)), title(®’J_0(x)’)
subplot(2,2,2), plot(x,besselj(l,x)), title(’J_1(x)’)
subplot(2,2,3), plot(x,besselj(2,x)), title(’J_2(x)’)
subplot(2,2,4), plot(x,besselj(3,x)), title(’J_3(x)’)

We produced Figures 3.2, 3.5 and 3.6 in a similar way, using the MATLAB functions
bessely, besseli and besselk.

In Figure 3.2 we show the first two Weber’s Bessel functions of integer order.
Notice that as z — 0, Y;,(z) — —oo. As you can see, all of these Bessel functions
are oscillatory. The first three zeros of Jy(x) are 2.4048, 5.5201 and 8.6537, whilst
the first three nontrivial zeros of Jy(x) are 3.8317, 7.0156 and 10.1735, all to four
decimal places.

63



64 BESSEL FUNCTIONS

30 3,00
1 06
04
05
02
0
0
-02
-05 -04
5 10 15 20 5 10 15 20
4,00 Ja¥)
08 086
0.4 04
02 02
0 0
-02 -02
-04 -04
) 5 10 15 20 0 5 10 15 20
Fig. 3.1. The functions Jo(z), J1(z), J2(x) and J3(z).
Y, ¥,
4 4
2 2
0/\/\/\/ 0
2 -2
-4 -4
0 5 10 15 20 ) 5 10 15 20

Fig. 3.2. The functions Yy(z) and Yi(z).

3.3 The Generating Function for J,(z), n an integer

Rather like the Legendre polynomials, there is a simple function that will generate
all of the Bessel functions of integer order. In order to establish this, it is useful to
manipulate the definition of the J,(z). From (3.9), we have, for v = n,

o 2/4 > (_1)ix21+n
T - - .
(*) = 3¢ 1 T n) ; 11+ n); ; 220+131(1 + n),D(1 + n)
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Using (3.6) we note that I'(1 +n)(1 +n); = I'(1 + n +4), and using (3.4) we find
that this is equal to (n +4)!. For n an integer, we can therefore write
7 st (_1)im2i+n

Let’s now consider the generating function

g(z,1) = exp {;x (t - 1) } . (3.12)

The series expansions of each of the constituents of this are

(at/2)? x > (—x/2t)"
exp (zt/2) = Z / p(—ﬂ) :Z$a

=0 i=0

both from the Taylor series for e”. These summations can be combined to produce

’L z+jtj %

ZZ 23+1@l]l

7=0 =0
Now, putting j = ¢+ n so that —oo < n < oo, this becomes
o0 o0 ; ;
B (_l)zx2z+n n
9(@,t) = Z {Z 221414l (n + 7)! .
n=—oo \ =0

Comparing the coefficients in this series with the expression (3.11) we find that

gz, t) = exp {; (t - ) } Z Jn(2)t". (3.13)

n—=—oo

We can now exploit this relation to study Bessel functions.
Using the fact that the generating function is invariant under ¢ — —1/¢, we have

n:ioo o)t = ”i:m Jo(2) <_1)n _ nioo (@)

Now putting m = —n, this is equal to

_Z T (@)(=1)mE™,

Now let n = m in the series on the right hand side, which gives

o da@tt= > Jop(a)(-1)""
Comparing like terms in the series, we find that J,(xz) = (=1)"J_,(z), and hence
that J,(z) and J_,(z) are linearly dependent over R (see Section 1.2.1). This
explains why the solution of Bessel’s equation proceeds rather differently when v is
an integer, since J, (x) and J_,(x) cannot then be independent solutions.
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The generating function can also be used to derive an integral representation of

Jn(x). The first step is to put t = ¥ in (3.13), which yields

eiix sinf _ Z {e”le ( 1)ne—ni0} Jn(ﬂﬁ)

n=1

or, in terms of sine and cosine,

o0 oo
eFimsind — Jo(2) +2> " Jon(r)cos2n0 £y Jopsr(x) sin(2n + 1)6.

n=0

Appropriate combinations of these two cases show that

cos(z sin 0) )+ 2 Z Jon () cos 2n0,

sin(zsin ) = 2 Z Jont1(z)sin (2n +1) 6,
n=0

and, substituting n = 7 — 0, we obtain

cos(z cosn) )+ 2 Z )" Jan () cos 2nn,

sin(z cosn) = 2 Z )" Jopt1(x) cos(2n+ 1)

Multiplying (3.16) by cosmn and integrating from zero to 7, we find that

! cos mn cos(x cosn) dn = wJm(x) for m even,
n=0 ! = 0 for m odd.
Similarly we find that

! sin mn sin(z cosn) dn = 0 for m even,
=0 1 WET= xdn(z)  for m odd,

from (3.17). Adding these expressions gives us the integral representation

In () = %/0 cos (nf — xsinB) db.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

We shall now describe a problem concerning planetary motion that makes use
of (3.18). This is the context in which Bessel originally studied these functions.

Ezample: Planetary motion

We consider the motion of a planet under the action of the gravitational force ex-
erted by the Sun. In doing this, we neglect the effect of the gravitational attraction
of the other bodies in the solar system, which are all much less massive than the
Sun. Under this approximation, it is straightforward to prove Kepler’s first and
second laws, that the planet moves on an ellipse, with the Sun at one of its foci,
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and that the line from the planet to the Sun (PS in Figure 3.3) sweeps out equal
areas of the ellipse in equal times (see, for example, Lunn, 1990). Our aim now
is to use Kepler’s first and second laws to obtain a measure of how the passage of
the planet around its orbit depends upon time. We will denote the length of the

Fig. 3.3. The elliptical orbit of a planet, P, around the Sun at a focus, S. Here, C is the
centre of the ellipse and A and A’ the extrema of the orbit on the major axis of the ellipse.

semi-major axis, A’C, by a and the eccentricity by e. Note that distance of the Sun
from the centre of the ellipse, SC, is ea. We also define the mean anomaly to be

9 Area of the elliptic sector ASP
™
Area of the ellipse

M:

)

which Kepler’s second law tells us is proportional to the time of passage from A to
P.

Let’s now consider the auxiliary circle, which has centre C' and passes through
A and A’, as shown in Figure 3.4. We label the projection of the point P onto the
auxiliary circle as . We will also need to introduce the eccentric anomaly of P,
which is defined to be the angle ACQ, and can be written as

Area of the sector ACQ
" Area of the auxiliary circle’

¢ =2

We now note that, by orthogonal projection, the ratio of the area of ASP to that
of the ellipse is the same as the ratio of the area of ASQ to that of the auxiliary
circle. The area of ASQ is given by the area of the sector ACQ (%qﬁaz) minus the
area of the triangle CSQ (3ea?sin ¢), so that

1 %a2gb— %ea2 sin ¢

)

T %7‘(‘@2
and hence
uw=¢—esine. (3.19)

Now, in order to determine ¢ as a function of u, we note that ¢ — u is a periodic
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Fig. 3.4. The auxiliary circle and the projection of P onto Q.

function of p, which vanishes when P and @ are coincident with A or A’, that is
when g is an integer multiple of 7. Hence we must be able to write

¢—p= Z A, sinnp. (3.20)
n=1

As we shall see in Chapter 5, this is a Fourier series. In order to determine the
constant coefficients A,,, we differentiate (3.20) with respect to p to yield

do >
= 1= § : A, cosnji.
i nAy, Cosnu

n=1

We can now exploit the orthogonality of the functions cosnu to determine A,,. We
multiply through by cosmu and integrate from zero to 7w to obtain

/ (dd) — 1) cosmu dy = / cosmu@ dp = @Am.
n=0 dlu‘ pn=0 dﬁb 2

Since ¢ = 0 when p = 0 and ¢ = 7 when p = m, we can change the independent
variable to give

mAm = / cos my do.
2 ¢=0
Substituting for u from (3.19), we have that

A, = i/w cosm (¢ — esin @) do.

mm $=0

Finally, by direct comparison with (3.18), A,, = %Jm(me)7 so that

1 1
dp=p+2 {Jl(e) sin pu + §J2(2€) sin 2u + §J3(3e) sin3p + - - } .



3.4 DIFFERENTIAL AND RECURRENCE RELATIONS

Since p is proportional to the time the planet takes to travel from A to P, this
expression gives us the variation of the angle ¢ with time.

3.4 Differential and Recurrence Relations Between Bessel Functions

It is often useful to find relationships between Bessel functions with different indices.
We will derive two such relationships. We start with (3.9), multiply by =¥ and
differentiate to obtain

d . d 0 (_1)n $2n+2u 0 (_1)n (2’[’L + 2y> x2n+2u—1
"I ()] = —— Z Intv | = Z It ) :
dx dr | = 2 n!T(1+v+n) = 2 n!T(14+v+n)

n=

Since I'(14+v+n) = (n+v)I'(n+v), this gives a factor that cancels with the term
2(n + v) in the numerator to give

e n2n v—1

d ¥ x
dm Z 27’+” In!T(v+n)

We can rewrite this so that we have the series expansion for J,_;(x), as

d ., N G DL
%[I’ Ju(l')] - 21/—1 1;) 2271 n'r(y)(y)na

so that
% {z" T, ()} = 2" J,—1(2). (3.21)

Later, we will use this expression to develop relations between general Bessel func-
tions. Note that by putting v equal to zero

& {of@)) = T (e,

However, we recall that J,(x) = (—=1)"J_,(z) for n an integer, so that J;(z) =
—J_1(x) and hence

Jo(x) = —Ji(2),

where we have used a prime to denote the derivative with respect to x.
In the same vein as the derivation of (3.21),

d, _, d TV = (- 2/4)”
@(1‘ Tux)) = dx <2”I‘(1—|—1/ Zn (1+v), >

n=0

B i i (71)n xQn - i (71)77, zanln
dx = 22t plT (14 v +n) N 22t Il D(1+ v +n)

Notice that the first term in this series is zero (due to the factor of n in the numer-
ator), so we can start the series at n = 1 and cancel the factors of n. The series
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can then be expressed in terms of the dummy variable m =n — 1 as

d 1 ( 1)m+1 2m—+1

@(l’ Jy (7)) = ov—1 Z 22m+2mlf(y+m+2)

1 ( 1)m 2m+1
2V+1 227” m!T(v+m+2)

Using the fact that I'(v +m +2) = T'(v + 2) (v + 2),,, and the series expansion of
Jyx1(x), (3.11), we have

d . _, - x . (_332/4)m
o M = G D 2 e

and consequently
d -V -V
e {77 J,(2)} = a7V Jyqa (). (3.22)

Notice that (3.21) and (3.22) both hold for Y, (z) as well.

We can use these relationships to derive recurrence relations between the
Bessel functions. We expand the differentials in each expression to give the equa-
tions

Ty (@) + 20, (@) = Jyoa (@),
where we have divided through by z”, and
, v
Jy(x) — Eju(x) = —Jut1(),

where this time we have multiplied by z¥. By adding these expressions we find that

T@) = 5 (@) = T (@)},

and by subtracting them

%”Jy(x) = Juo1(2) + Sy (2),

which is a pure recurrence relationship.
These results can also be used when integrating Bessel functions. For example,

consider the integral
I= /:EJO(CU) dz.

This can be integrated using (3.21) with v = 1, since

I= / o) dz = / (1 (2)) dz = o1 (z).
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3.5 Modified Bessel Functions

We will now consider the solutions of the modified Bessel equation,

2
1132% Jr:vj—z — (2 + vy =0, (3.23)
which can be derived from Bessel’s equation using x +— iz, so that the solutions
could be written down as conventional Bessel functions with purely imaginary ar-
guments. However, it is more transparent to introduce the modified Bessel func-

tion of first kind of order v, I,,(x), so that the complete solution of (3.23) is
y(JJ) = AL,(Q’J) + BI*V(J))?

provided v is not an integer. As was the case when we introduced the function Y, (z),
there is a corresponding function here K, (x), the modified Bessel function of
second kind of order v. This is defined as

Ky (x) = 5o {Iy(x) = L(x)}

Note that the slight difference between the definition of this Bessel function and
that of Weber’s Bessel function of order v, (3.10), occurs because these functions
must agree with the definition of the ordinary Bessel functions when v is an integer.
Most of the results we have derived in this chapter can be modified by changing the
argument from x to ix in deriving, for example, the recurrence relations. The first
few modified Bessel functions are shown in Figures 3.5 and 3.6. Note the contrast
in behaviour between these and the Bessel functions J,(z) and Y, (z).

Equations (3.21) and (3.22) also hold for the modified Bessel functions and are
given by

% {z"I,(2)} = 2" T,_1(x), % {a71,(2)} =271, 41(2)
and

% {z"K,(2)} = —2"K,_1(x), % {z7"K,(2)} = —a7"K,41(x).

3.6 Orthogonality of the Bessel Functions

In this section we will show that the Bessel functions are orthogonal, and hence can
be used as a basis over a certain interval. This will then allow us to develop the
Fourier—Bessel series, which can be used to represent functions in much the same
way as the Fourier-Legendre series.

We will consider the interval [0, a] where, at this stage, a remains arbitrary. We
start from the fact that the function J,(x) satisfies the Bessel equation, (3.1), and
make a simple transformation, replacing x by Ax, where X is a real constant, to
give

2

d d
27 E—
. Ju(A\x) +xdx

We choose A so that J,(Aa) is equal to zero. There is a countably infinite number

J,(x) + (A\?2? —v?)J,(A\z) = 0. (3.24)
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Fig. 3.5. The modified Bessel functions of first kind of order zero to three. Note that
they are bounded at = 0 and monotone increasing for z > 0, with I,(z) ~ e*/v/2mz as

X — OQ.
Ky
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Fig. 3.6. The modified Bessel functions of the second kind of order zero and order one.
Note that they are singular, with Ko(z) ~ —logz and K, (z) ~ 2" '(n — 1)!/2" for n a
positive integer, as x — 0. These functions are monotone decreasing for z > 0, tending to
zero exponentially fast as x — oo.

of values of A for which this is true, as we can deduce from Figure 3.1. Now choose
w # X so that J,(pa) = 0. Of course J, (ux) also satisfies (3.24) with A replaced by
1. We now multiply (3.24) through by J,(ux)/x and integrate between zero and

a, which yields

/Oa J, (a) {miiJu(Aw) +

dzx

d J, () + %(A%Q - VQ)JV()\JJ)} dr=0. (3.25)



3.6 ORTHOGONALITY OF THE BESSEL FUNCTIONS

Notice that we could have also multiplied the differential equation for J,(uz) by
Jy(Az)/x and integrated to give

/Oa Ju(A\x) {xijJ,,(ux) + %Jl,(ux) + %(,ugﬁ —v%)J, (ux)} dr=0. (3.26)

We now subtract (3.25) from (3.26) to give
@ d d d d
/0 {Ju(ux)dx (zdel,()\z)> - Jl,()\x)% (:vdey(,ux)>

+x(A\? - MQ)JV(Ax)JV(ux)}dx =0. (3.27)

We have simplified these expressions slightly by observing that zJ, + J, = (zJ})’.
Now consider the first term of the integrand and note that it can be integrated by
parts to give

/Oa J,,(Mx)% (xCZCJ,,(Ax)) dr = {Jy(w)xddx‘]”()‘x)]

a

0

*d d
7/0 x%JV(Aa:)%Jy(ux)dx.

Similarly for the second term, which is effectively the same with g and X inter-
changed,

a

/Oa Jy()\:c)% <xdiJu(ux)) dx = {Jl’(/\x)x;;t]v(ﬂz)

0

¢ d d
—/0 x%J,,(ux)%Jy()\x)dx.

Using these expressions in (3.27), we find that
a
(A2 — /ﬂ)/ xJ,(A\x)J, (pz)dr = J,(Aa)apd), (pa) — J,(ua)arJ,(Aa).  (3.28)
0
Finally, since we chose A and p so that J,(Aa) = J,(pa) = 0 and p # A,

/Oa xdy (px)Jy,(Az)de = 0.

This is an orthogonality relation for the Bessel functions, with weighting function
w(x) = z. We now need to calculate the value of [ z.J, (ux)? dz. To this end, we
substitute A = u + € into (3.28). For € < 1, neglecting terms in €? and smaller, we
find that

—2,ue/ xdy (ux)Jy, (px + ex) de
0

= a[py(pa+ ea)J,(pa) — (p + €)J, (na)J) (pa + ea)] . (3.29)

In order to deal with the terms evaluated at = a(u + €) we consider Taylor series
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expansions, J,(a(p + €)) = J,(au) + ead)(ap) + -+, J (a(p + €) = J,(ap) +
eaJ]/(ap)+ - . These expansions can then be substituted into (3.29). On dividing
through by € and considering the limit € — 0, we find that

2

[ et e = L) e )L ) — )L ).

2p
We now suppose that J,(ua) = 0, which gives
a CL2
[l e = S5 ()
0
In general,
a CL2
/ vy () ) e = [, () 65, (3.30)
0

where J, (pa) = J,(Aa) = 0 and 65, is the Kronecker delta function.
We can now construct a series expansion of the form

This is known as a Fourier—Bessel series, and the )\; are chosen such that
Jy(Nia) =0 fori =1,2,..., A1 < Ay < ---. As we shall see later, both f(z)
and f’(z) must be piecewise continuous for this series to converge. After multiply-
ing both sides of (3.31) by zJ, (\;z) and integrating over the interval [0, a] we find
that

a a s
/ xJ,(N\jz) f(z) de = / xzJ, () Z CiJy(\iz) dz
0 0 i=1
Assuming that the series converges, we can interchange the integral and the sum-
mation to obtain

/0 xJ,(\jz) f(z) do = ZC / i), (Nix) d.

We can now use (3.30) to give

@ )\
/ xJ, (A dfoC J’ (A\ja)]” 6x,0, = C; 21 o T, (Aa)]?
0
and hence
2 a
C-:if xzJ,(\;x) f(x) dx. 3.32
= AT, @) (3.32)
Example

Let’s try to expand the function f(z) =1 on the interval 0 < x < 1, as a Fourier—
Bessel series. Since Jp(0) = 1 but J;(0) = 0 for ¢ > 0, we will choose v to be zero for
our expansion. We rely on the existence of a set of values A; such that Jy(A;) =0
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for j =1,2,... (see Figure 3.1). We will need to determine these values either from
tables or numerically.
Using (3.32), we have

2 1
Oj = 7/ IJQ()\JQ,‘) dx.
[T Jo
If we introduce the variable y = \;x (so that dy = \;dx), the integral becomes
9 1 [N
0:7*/ yJo(y) dy.
TR AT Jy=o
Using the expression (3.21) with v = 1, we have
2 1 (N d
O-:i—/ — (yJ1(y)) dy
ST TR Sy g )
2J1(N;) 2
MO A (Ag)

= AW =
e

and hence
= 2
———Jo(Nx) =1 for 0 < 1,
;)\iJl()\i) o(Aix) or x <

where Jo(A;) =0 fori =1,2,....In Figure 3.7 we show the sum of the first fifteen
terms of the Fourier—Bessel series. Notice the oscillatory nature of the solution,
which is more pronounced in the neighbourhood of the discontinuity at x = 1. This
phenomenon always occurs in series expansions relative to sequences of orthogonal
functions, and is called Gibbs’ phenomenon.

Before we can give a MATLAB script that produces Figure 3.7, we need to be
able to calculate the zeros of Bessel functions. Here we merely state a couple of
simple results and explain how these are helpful. The interested reader is referred
to Watson (1922, Chapter 15) for a full discussion of this problem. The Bessel—
Lommel theorem on the location of the zeros of the Bessel functions J, (x) states
that when —1 < v < % and mr <z < (m+ 1)m, J,(z) is positive for even m and
negative for odd m. This implies that J,(x) has an odd number of zeros in the
intervals (2n —1)7/2 < x < 2n7 for n an integer. In fact, it can be shown that the
positive zeros of Jy(x) lie in the intervals nm + 37/4 < x < nm + 77/8. This allows
us to use the ends of these intervals as an initial bracketing interval for the roots
of Jo(z). A simple MATLAB script that uses this result is

global nu ze
nu=0;
for ir=1:20
start_int = (ir-1)#*pi+3*pi/4;
end_int (ir-1)*pi+7*pi/8;
ze(ir) = fzero(’bessel’, [start_int end_int]);

end
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1.5 . . .

-1.5 : - .
0 0.5 1 1.5 2

Fig. 3.7. Fourier—Bessel series representation of the function f(z) = 1 on the interval [0,1)
(truncated after fifteen terms). The expansion is only valid in the interval x € [0,1). The
series is shown for > 1 only to demonstrate that convergence is only guaranteed for the
associated interval.

together with the function

function bessel = bessel(x);
global nu
bessel = besselj(nu,x);

The MATLAB function fzero finds a zero of functions of a single variable in a given
interval. By defining the variables nu and ze as global, we make them available
to other functions. In particular, this allows us to use the computed positions of
the zeros, ze, in the script below.

The zeros of Ji(x) interlace those of Jy(z). We can see this by noting that
Ji(z) = —J}(x) and that both functions are continuous. Consequently the zeros of
Jo(x) can be used as the bracketing intervals for the determination of the zeros of
J1(z). A MATLAB script for this is
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global nu ze zel

nu=1;
for ir=1:19

start_int = ze(ir);

end_int = ze(ir+1);

zel(ir) = fzero(’bessel’, [start_int end_int]);
end

The zeros of the other Bessel functions can be found by exploiting similar analytical
results.
We can now define a MATLAB function

function fourierbessel = fourierbessel(x)

global ze
n=15; a = 2./ze(1:n)./besselj(1l,ze(1:n));
for k = 1:n
X(:,k) = besselj(0,ze(k)*x(:));
end

fourierbessel = X*xa’;

which can be plotted with ezplot (@fourierbessel, [0 2]) to produce Figure 3.7.

3.7 Inhomogeneous Terms in Bessel’s Equation

So far we have only concerned ourselves with homogeneous forms of Bessel’s equa-
tion. The inhomogeneous version of Bessel’s equation,

can be dealt with by using the technique of variation of parameters (see Section 1.2).
The solution can be written as

S
y(z) = / () (Ju(8)Yo (@) = J(@)Yi(s)) ds + AJ,(2) + BY, (x). (3.33)
Here we have made use of the fact that the Wronskian associated with J,(z) and
Y, () is 2v/x sin v, which can be derived using Abel’s formula, (1.7). The constant

can then be found by considering the behaviour of the functions close to x = 0 (see
Exercise 3.5).

Ezample

Let’s find the general solution of

d’y  dy
2 2, .2
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This can be determined by using (3.33) with f(z) = 2% and v = 0, so that the
general solution is

@) = [ 5 (o)¥ola) — Jo(@)¥a(s)) ds + Ado(o) + B (o).

In order to integrate sJy(s) we note that this can be written as (sJi(s))’ and
similarly for sYy(s), which gives

y(@) = T (J1(@)Yo(@) = Jo(@)Yi(@)) + AJy(x) + BYo(a).

But we note that Jy(z) = —Jj(z) and Y1(z) = —Y{(x), so that the expression in
the brackets is merely the Wronskian, and hence

y(x) =14+ AJo(z) + BYs(x).

Although it is clear, with hindsight, that y(x) = 1 is the particular integral solution,
simple solutions are not always easy to spot a priori.

FEzample
Let’s find the particular integral of

d? d
xQﬁ + xﬁ + (22 — )y = = (3.34)

We will look for a series solution as used in the method of Frobenius, namely
oo
y(x) = Z anz"te.
n=0

Substituting this into (3.34), we obtain an expression similar to (3.7),

ao(c® —v?)x + a {(1+ ¢)* — v}z "!

(o9}
+ Z[an{(n +¢)? =V} Fa, ozt = 1.

n=2
Note that z¢ needs to match with the x on the right hand side so that ¢ = 1 and
ap = 1/(1 — v?). We will defer discussion of the case v = 1. At next order we find
that a1(2%2 — v?) = 0, and consequently, unless v = 2, we have a; = 0. For the
general terms in the summation we have

Ap—2

{(n+1)2 -2}’
Note that since a; = 0, a, = 0 for n odd. It now remains to determine the general
term in the sequence. For n = 2 we find that

Ay = —

ap 1
as = — = _

32 _ .2 (12 = 12)(32 — 12)
and then with n = 4 and using the form of ay we have
1
(2= ) — )5~ 12)

Ay =
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The general expression is

n+1 1

= rip—e

This can be manipulated by factorizing the denominator and extracting a factor of
22 from each term in the product (of which there are n + 1). This gives

a nTﬁ : ﬁ : - o0 1
2n = 22n+2 7_|_ Vzli_%_%y_22n+2(%+%y)

=

T .
n+1 (5 - 2V)n+1
Hence the particular integral of the differential equation is

& (_l)n z2n

y() =z ~ : (3.35)
2 10, G-
In fact, solutions of the equation
d? d
v e dy+(w — 1)y =t (3.36)

are commonly referred to as s,, and are called Lommel’s functions. They are
undefined when p 4+ v is an odd negative integer, a case that is discussed in depth
by Watson (1922). The series expansion of the solution of (3.36) is

3L )" ()" T (ot DT (s b+ )
G- dvrm+ DTGt Jotm+d)

We can use this to check that (3.35) is correct. Note that we need to use (3.6).

3.8 Solutions Expressible as Bessel Functions

There are many other differential equations whose solutions can be written in terms
of Bessel functions. In order to determine some of these, we consider the transfor-
mation

y(x) = 2°G(2”).

Since « and 8 could be fractional, we will restrict our attention to =z > 0. We
substitute this expression into the differential equation and seek values of o and
which give Bessel’s equation for .

Ezample
Let’s try to express the solutions of the differential equation
d?y
— —zy=0
dz? Y

in terms of Bessel functions. This is called Airy’s equation and has solutions
Ai(z) and Bi(x), the Airy functions. We start by introducing the function g.
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Differentiating with respect to z we have

@ — axa 1~+Bxa+ﬁ 1y/
dx
Differentiating again we obtain
d2
Eg =a(a— 1)z 2§ + (208 + 8% — B)x T2y 4 a2y,

These expressions can now be substituted into Airy’s equation to give
Oé(Oé— 1)1'0472@4'(20454'62 _6) a+B-2 /+ﬂ2 a+28— 2y// _ a+1~ O

It is now convenient to multiply the entire equation by x=272/3? (this means that
the coefficient of § is #27), which gives

~1/ (2 +B_1 ~/ 1 -1 ~
Y —&—aﬂ)aﬁﬁy +{—52x3+a(0462)}y:0.

Considering the coefficient of §j we note that we require 3 o< £2? which gives 8 = %
The coefficient of §’ gives us that o = % The equation is now

228\° 1
2[5 " B! e - 7=0
y+33y+{ <3> 9}31 )

which has solutions K /3(223/2/3) and I; /3(22%/? /3). The general solution of Airy’s
equation in terms of Bessel’s functions is therefore

y(x)zaxl/Q{AKl/g(; />+Bll/3<3 /2>}.

In fact, Ai(z) = \/2/3K,/3(22%?/3)/m. A graph of this Airy function is shown in
Figure 11. 12 The Airy functions Ai and Bi are available in MATLAB through the
function airy.

3.9 Physical Applications of the Bessel Functions

3.9.1 Vibrations of an Elastic Membrane

We will now derive the equation that governs small displacements, z = z(x, y, t),
of an elastic membrane. We start by considering a small membrane with sides
of length 65, in the x-direction and 65y in the y-direction, which makes angles
Y, Yz 401y and 1y, ¢, +061p, with the horizontal, as shown in Figure 3.8. Newton’s
second law of motion in the vertical, z-direction gives

0?2z
0
where p is the constant density (mass per unit area) of the membrane and T is the

tension, assumed constant for small vibrations of the membrane. We will eventually
consider the angles v, and 1, to be small, but at the outset we will consider the

?péSxéSy = 65y {T'sin(¢y + 61) — Tsin(yy) } + 68 {T sin(py + 6v,) — T'sin(ehy)},



3.9 PHYSICAL APPLICATIONS OF THE BESSEL FUNCTIONS

T

Fig. 3.8. A small section of an elastic membrane.

changes in these angles, 61, and 6, to be smaller. Accordingly we expand the
trigonometric functions and find that

P 0%z
T ot2

w %

= co sz + -

where we have divided through by the area of the element, 65,0S,. We now consider
the limit as the size of the element shrinks to zero, and therefore let 65, and 0.5,
tend to zero. Consequently we find that

922 P
; S = costn s 1/’ ’/’y (3.37)

We can now use the definition of the partial derivatives,

0z 0z
tandjx—%, tanwy—@.

By differentiating these expressions with respect to z and y respectively we find
that

N, 0%z o, Oy, 0%z
9r ~ o Vi, T g

sec1),

For small slopes, cos 1, and sec?t, are both approximately unity (and similarly for
variation in the y direction). Also, using the formula for arc length we have

92\ 2
dS, =\/1+ | — | dz = dz,
ox
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Iy

when [0z/0z| < 1. Similarly dS, ~ dy when |0z/0y| < 1. Consequently

b, 0y,

~ My
05 0Sy Ay’
Combining this information yields the governing equation for small deflections z =
(z,y,t) of an elastic membrane

oz’

s 0

2
8y =V-<z,

TotZ  9z2

(3.38)
the two-dimensional wave equation. We will define appropriate boundary con

ditions in due course. At this stage we have not specified the domain of solution

One-Dimensional Solutions of the Wave Equation
We will start by considering the solution of this equation in one dimension. If

we look for solutions of the form z = z(x,t), independent of y, as illustrated in
Figure 3.9, we need to solve the one-dimensional wave equation

0%z 62

dx2’

o~ ¢

(3.39)
where ¢ = /T/p. This equation also governs the propagation of small-amplitude

waves on a stretched string (for further details, see Billingham and King, 2001)
The easiest way to solve (3.39) is to define new variables, known as characteristic

|

’//////
i
. \//””’/////

D,
Qa /////”\§\\\\'e””’////’”

////\ ’//// //
/////gg///%/////%/ﬁ{\\\

.
=

////
N

7

il
//////////”////////”/////

Fig. 3.9. A one-dimensional solution of the two-dimensional wave equation

variables, £ = © — ¢t and n = x + ¢t (see Section 7.1 for an explanation of where
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these come from). In terms of these variables, (3.39) becomes

82
= —o.
&0
Integrating this with respect to n gives
0z
“_F
5 = P,

and with respect to &

13
o= [ F(s)ds+ g0m) = 1) + Tl
and hence we have that
z(z,t) = f(z —ct) + g(x + ct). (3.40)

This represents the sum of two waves, one, represented by f(z — ct), propagating
from left to right without change of form at speed ¢, and one, represented by
g(z+ct), from right to left at speed c. To see this, consider, for example, the solution
y = f(x — ct), and simply note that on the paths = ¢t + constant, f(z — ct) is
constant. Similarly, g(z + ct) is constant on the paths z = —ct + constant.

The functions f and g can be determined from the initial displacement and
velocity. If

0z

z(x,0) = zo(x), a(x,()) = ugp(z),
then (3.40) with ¢ = 0 gives us
F(2) + 9(w) = 20(). (3.41)
If we now differentiate (3.40) with respect to time, we have
% = —cf'(z —ct) + cg'(x + ct),

and hence when t = 0,
—cf'(z) + cg'(z) = uo().
This can be integrated to yield

xT

—cf(z) +cg(z) = / uo(s)ds, (3.42)

a
where a is an arbitrary constant. Solving the simultaneous equations (3.41) and
(3.42), we find that

1 1

fz) = 520(33) ~ % /x uo(s)ds, g(z)= %zo(az) + 2% /w uo(s) ds.

On substituting these into (3.40), we obtain d’Alembert’s solution of the one-
dimensional wave equation,

x+ct

z(x,t) = %{zo(x —ct)+zo(x+ct)} + 2%} /_ t uo(s) ds. (3.43)
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In particular, if ug = 0, a string released from rest, the solution consists of a
left-travelling and a right-travelling wave, each with the same shape but half the
amplitude of the initial displacement. The solution when zy = 0 for |z| > a and
z9 = 1 for |z| < a, a top hat initial displacement, is shown in Figure 3.10.

y

A

t < alc

-a-ct -a+ct a-ct atct

t>alc

172

-a-ct a-ct -atct atct

Fig. 3.10. D’Alembert’s solution for an initially stationary top hat displacement.

Two-Dimensional Solutions of the Wave Equation

Let’s now consider the solution of the two-dimensional wave equation, (3.38), for
an elastic, disc-shaped membrane fixed to a circular support. In cylindrical polar
coordinates, the two-dimensional wave equation becomes
2 2 2

%%Z%-Fl%—i—%a—; (3.44)

c? ot or ror 1200
We will look for solutions in the circular domain 0 < r < e and 0 < 8 < 2w. Such
solutions must be periodic in 6 with period 27. The boundary condition is z = 0 at
r = a. We seek a separable solution, z = R(r)7(¢)0©(¢). On substituting this into
(3.44), we find that

1 7 TR//JrRl 1 e” w2

2T rR r2 O c2’
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where —w?/c? is the separation constant. An appropriate solution is 7 = ¢! which
represents a time-periodic solution. This is what we would expect for the vibrations
of an elastic membrane, which is, after all, a drum. The angular frequency, w
is yet to be determined. We can now write

2 pn / 2,.2 "

r*R’"+rR = wr (C]
+ = —— = ’]’L27
R 2 C)

where n? is the next separation constant. This gives us © = Acosnf + Bsinn#,
with n a positive integer for 2n-periodicity. Finally, R(r) satisfies

d’R dR 2
r? +r+(wr2—n2>R=O.

dr? dr c?

We can simplify this by introducing a new coordinate s = Ar where A = w/¢, which
gives

d’R dR

2 n2
s +s—+ R=0

d82 d ( ) )
which is Bessel’s equation with v = n. Consequently the solutions can be written
as

R(s) = AJy,(s) + BY,(s).

We need a solution that is bounded at the origin so, since Y;,(s) is unbounded at
s = 0, we require B = 0. The other boundary condition is that the membrane is
constrained not to move at the edge of the domain, so that R(s) = 0 at s = Aa.
This gives the condition

Jn(Aa) =0, (3.45)

which has an infinite number of solutions A = A,,;. Specifying the value of A = w/c
prescribes the frequency at which the membrane will oscillate. Consequently the
functional form of the natural modes of oscillation of a circular membrane is

z = Ju(Anir) (Acosnf + Bsinnf) e, (3.46)

where w; = cA,; and the values of \,; are solutions of (3.45). Figure 3.11 shows
a few of these natural modes when a = 1, which we created using the MATLAB
function ezmesh (see Section 2.6.1).

Here we have considered the natural modes of oscillation. We could however
have tackled an initial value problem. Let’s consider an example where the initial
displacement of the membrane is specified to be z(r,0,0) = G(r,0) and the mem-
brane is released from rest, so that 9z/0t = 0, when t = 0. The fact that the
membrane is released from rest implies that the temporal variation will be even, so
we need only consider a solution proportional to cosw;t. Consequently, using the
linearity of the wave equation to add all the possible solutions of the form (3.46),
the general form of the displacement of the membrane is

(r,0,t) Z Z In(Anir) (Api cosnb + By, sinnd) cos wjt.
1=0 n=0
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Fig. 3.11. Six different modes of oscillation of an elastic membrane.

Using the condition that z(r,6,0) = G(r, ) we have the equations

G(r,0) = Z Z Jn(Anir) (Api cosnb 4+ By sinnd) . (3.47)

i=0 n=0

In order to find the coefficients A,; and B,; we need exploit the orthogonality of
the Bessel functions, given by (3.30), and of the trigonometric functions, using

27 27
/ cos mb cosnf df = / sinmé sinnf df = wb,p,
0 0

for m and n integers. Multiplying (3.47) through by cos m# and integrating from 0
to 2w we have

27T 00
1 / cosmb G(r,0)d0 = ApiJn(Anir),

0
0 i=0

and with sinm6f we have

1 27 e
—/ sinm G(r,0)do = ZBmiJn()\mT)-
0

™ -
=0
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Now, using (3.32), we have

a 2m
Ay = %/ rJn()\jr)/ cosm@ G(r,8)d0 dr
a?m [J}(Nja)]” Jr=0 0
and
) a 27
B, = —2/ TJn()\jr)/ sinm@ G(r,0) df dr.
a?w [J](Nja)]” Jr=0 0

Note that if the function G(r, 0) is even, B,,; = 0, and similarly if it is odd, A,,; = 0.
The expansion in 6 is an example of a Fourier series expansion, about which we
will have more to say in Chapter 5.

3.9.2 Frequency Modulation (FM)

We will now discuss an application in which Bessel functions occur within the
description of a modulated wave (for further information, see Dunlop and Smith,
1977). The expression for a frequency carrier comprises a carrier frequency f. and
the modulating signal with frequency f,,,. The phase shift of the carrier is related
to the time integral of the modulating wave Fy,(t) = cos 27 f,,t, so that the actual
signal is

¢
F.(t) = cos {27cht + 21Ky / acos(27rfmt)dt} ,

0

which we can integrate to obtain
F.(t) = cos {2n f.t + Bsin(2m fnt) ]}, (3.48)

where 8 = Ksa/ f,, a constant called the modulation index. We can expand
(3.48) to give

F.(t) = cos(2m fct) cos {Bsin(2m ft)} — sin(2w fot) sin {Gsin(2w fnt)} .  (3.49)

An example of this signal is shown in Figure 3.12.
We would now like to split the signal (3.49) into its various frequency compo-
nents. We can do this by exploiting (3.16) and (3.17) to give

F.(t) = cos(2m f.t) { )+2 Z )" J2n(B) cos 2n(27rfmt)}

+ sin (27 f.t) { Z )" Jont1(8) cos (2n + 1) (27rfmt)} . (3.50)

Using simple trigonometry,

2 cos(2m fot) cos {(2n) 27 frnt} =

cos {27 ft + (2n) 27 frut} + cos {27 ft — (2n)27 fut},
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Fig. 3.12. An example of frequency modulation, with 8 = 1.2, f,, = 1.2 and f. = 1.

and
2sin(27 fet) sin{(2n + 1)27 fut} =
—cos {2 fct + (2n 4+ 1)27 fint} + cos {2m fot — (2n + 1)27 frut} .

Substituting these expressions back into (3.50), we find that F.(t) can be written
as

F.(t) = Jo(B) cos(2m fet)

+ > Jan(B) [cos {2t (fo + 2nfm)} + cos {27t (fo — 2nfm)}]

— Z Jon+1(8) [cos {27t (fo — (2n+ 1) fr)} — cos {27t (fo + (2n+ 1) fim)}] ,

n=0

the first few terms of which are given by

F.(t) = Jo(B) cos(2m fet) — J1(B) [cos {27 (fe — fun )t} — cos {27 (fe + fin)t}]
+ J2(B) [cos {27 (fe — 2fm )t} + cos {27(fe + 2fm)t}]

— J3(0) [cos {27 (fe — 3fm)t} — cos {27 (fe + 3fm)t}] + -+ .

This means that the main carrier signal has frequency f. and amplitude Jo(3), and
that the other components, known as sidebands, have frequencies f. + nf,, for
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Fig. 3.13. The frequency spectrum of a signal with 8 = 0.2, f,, = 1.2 and f. = 1.

n an integer, and amplitudes J,(3). These amplitudes, known as the frequency
spectrum of the signal, are shown in Figure 3.13.

Exercises

3.1

3.2

The functions Jy(x) and Yy(z) are solutions of the equation

d 2
Varr T dx

dy
+f+xy—0

Show that if Yy(x) is the singular solution then

Yo(z)

where

w\»—*

13k

Using the definition

l/

= Jo(z)logx — Z zs;; (—Z

2/4

Julw) = 2T(1 + 1) &

show that Jy /o(z) = 1/% sin .

'1+y
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3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

* Show that

(8) 271(2) = Jy1(2) — T (@),

(b) 2vd,(z) = xdy11(z) + xJy_1(x).
Determine the series expansions for the modified Bessel functions I,,(z) and
I_,(x).
Find the Wronskian of the functions (a) J,,(z) and J_,(z), (b) J,(z) and
Y, (x) for v not an integer.
Determine the series expansion of

/ xHJ, (z) d.

When p =1 and v = 0 show that this is equivalent to z.J; ().
Give the solutions, where possible in terms of Bessel functions, of the dif-
ferential equations

()w—ﬁy:,
d?y dy

b) 22+ L 1y=0

(b) 2oz + — + ,
d2y

(¢) a0 + (¢ + 1)’y =0,
d2

(@) 75 +a%y =0,
d2

(&) T —a’y =0,
d?y = dy

()ﬁ"‘ﬁ@*‘y 0,

d> d
(g) (1— ;ﬁﬁg - 2x£ +n(n+1)y =0.

Using the expression

1

T oor

2
Ju(2) / cos (v0 — zsin0) db,
0
show that J,(0) = 0 for v a nonzero integer and Jy(0) = 1.
Determine the coefficients of the Fourier-Bessel series for the function

@) = 1 for0<z <1,
Tl -1 for1<z<2,

in terms of the Bessel function Jy(x).

Determine the coefficients of the Fourier—Bessel series for the function
f(z) = x on the interval 0 < z < 1 in terms of the Bessel function J;(x)
(and repeat the exercise for Jo(x)). Modify the MATLAB code used to
generate Figure 3.7 to check your answers.

Calculate the Fourier-Bessel expansion for the functions



EXERCISES

@) = T for0<z <1,
= 2—x forl<ax<2,
(b)

@) = 22 +2 for0<x <1,
- 3 for 1 <z <3,

in terms of the Bessel function Jp(x).

3.12 Construct the general solution of the differential equation

2
xQ% + x% + (2% — v?)y = sin .

3.13 Project This project arises from attempts to model the baking of food-

stuffs, and thereby improve the quality of mass-produced baked foods. A

key element of such modelling is the temperature distribution in the food,

which, as we showed in Chapter 2, is governed by the diffusion equation,

oT
57 = V- (DVT).

The diffusivity, D, is a function of the properties of the food.

We will consider some problems associated with the baking of infinitely-
long, cylindrical, axisymmetric foodstuffs under axisymmetric conditions
(a first approximation to, for example, the baking of a loaf of bread). In
this case, the diffusion equation becomes

or 10 oT

(a) Look for a separable solution, T(r,t) = f(r)e*t, of (E3.1) with
D(r) = Dy, a constant, subject to the boundary conditions 0T'/0r =
0atr=0and 0T/0r = h(T, —T) at r = ro. Here, h > 0 is a heat
transfer coefficient and T, is the ambient temperature. Determine
the possible values of w.

(b) If the initial temperature profile within the foodstuff is T'(r,0) =
To(r), determine the temperature for ¢ > 0.

(¢) In many baking problems, there are two distinct layers of food.

‘When
Dy for 0 <r <ry,

D =
(r) { Dy for ri <r < ro,

and the heat flux and the temperature are continuous at r = rq,
determine the effect of changing 1 /rg and Dy and D; on the possible
values of w.

(d) Solve the initial-boundary value problem when the initial tempera-
ture is uniform in each layer, with

| Ty for0<r <y,
T<r’0)_{Tl for ry <r < ro.
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(e) Find some realistic values of Dy and h for bread dough, either from
your library or the Internet. How does the temperature at the centre
of baking bread vary with time, if this simple model is to be believed?



CHAPTER FOUR

Boundary Value Problems, Green’s Functions and
Sturm—Liouville Theory

We now turn our attention to boundary value problems for ordinary differential
equations, for which the boundary conditions are specified at two different points,
x = a and x = b. The solutions of boundary value problems have some rather
different properties to those of solutions of initial value problems. In order to
ground our discussion in terms of a real physical problem, we will consider the
dynamics of a string fixed at x =y = 0 and =z = [, y = 0, and rotating steadily
about the z-axis at constant angular velocity, as shown in Figure 4.1. This is
rather like a skipping rope, but one whose ends are motionless. In order to be able

YA

Fig. 4.1. A string rotating about the z-axis, fixed at x = 0 and « = [.

to formulate a differential equation that captures the dynamics of this string, we
will make several assumptions.
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(i) The tension in the string is large enough that any additional forces intro-
duced by the bending of the string are negligible in comparison with the
tension force.

(ii) The tension force acts along the local tangent to the string, and is of constant
magnitude, T

(iii) The slope of the string, and hence its displacement from the z-axis, is small.
(iv) The effect of gravity is negligible.

(v) There is no friction, either due to air resistance on the string or to the fixing
of the string at each of its ends.

(vi) The thickness of the string is negligible, but it has a constant line density,
p, a mass per unit length.

We denote the constant angular velocity of the string about the x-axis by w,
and the angle that the tangent to the string makes with the z-axis by the function
O(x). Working in a frame of reference that rotates with the string, in which the
string is stationary, Newton’s first law shows that the forces that act on the string,
including the centrifugal force, must be in balance, and hence that

Tsinf(z + 6z) — Tsinf(z) = —pw?y\/622 + 6y2,

as shown in Figure 4.2. If we divide through by éz and take the limit 6z — 0 we
obtain

d dy 2
— fqi 2 patd _
T w{bmﬁ(a:)}—t—pw Y 1+( x) =0.

By definition, tan § = dy/dx, so, by elementary trigonometry,

—1/2
.o, dy dy\?
smﬁ—dx{l—i—<dx> } ,

2
d?y 2 dy\”

This equation of motion for the string must be solved subject to y(0) = y(I) =

0, which constitutes a rather nasty nonlinear boundary value problem, with no
elementary solution apart from the equilibrium solution, y = 0.f If, however,
we invoke assumption (iii), that |dy/dz| < 1, the leading order boundary value
problem is

and hence

d’y

dx?
where A\ = pw?/T. This is now a linear boundary value problem, which we can
solve by elementary methods.

+ Ay =0, subject to y(0) =y(l) =0, (4.2)

t This nonlinear boundary value problem can, however, easily be studied in the phase plane (see
Chapter 9).
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O(x+ dx)
dy

X X+ 0X X

Fig. 4.2. A small element of the rotating string.

If we look for a solution of the form y = Ae™*, we obtain m? 4+ A = 0, and hence
-y1/2 -y1/2
m = £iA\/2, so that the solution is y = Aeir'*® + Be=iA"*z_ Since y(0) = 0,
B = —A, and y(I) = 0 gives

e =i (4.3)

At this stage, we do not know whether A is real, although, since it represents a
ratio of real quantities, it should be. If we write A'/2 = o+ i3 and equate real and
imaginary parts in (4.3), we find that

(e —eYcosal =0, (e +e)sinal = 0. (4.4)

From the first of these, we have either e " — €% = 0 or cosal = 0, and hence
either 3 = 0 or al = (n+ 1)« for n an integer. The latter leaves the second of
equations (4.4) with no solution, so we must have 8 = 0, and hence sin ol = 0. This
gives al = nm with n an integer, which means that A\'/2 is real, as expected, with
A2 =nr/land y = A, (em™/! — e=in™®/l) = 2 A, sin (nrz/l). To ensure that y,
the displacement of the string, is real, we write A,, = a,,/2i for a,, real, which gives

Y = apsin (nlﬂ) forn=1,2,.... (4.5)

Note that the solution that corresponds to n = 0 is the trivial solution, y = 0.
The values of A for which there is a nontrivial solution of this problem, namely
A =n272 /12, are called the eigenvalues of the boundary value problem, whilst the
corresponding solutions, y = sin \'/2z, are the eigenfunctions. Note that there is
an infinite sequence of eigenvalues, which are real and have magnitudes that tend
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to infinity as n tends to infinity. In terms of the physical problem, for a string of
given line density p, length [ and tension 7', a nonequilibrium steady motion is only
possible at a discrete set of angular velocities, the eigenfrequencies,

ET

L\ p

4.1 Inhomogeneous Linear Boundary Value Problems

Continuing with our example of a rotating string, let’s consider what happens
when there is a steady, imposed external force TF(z) acting towards the z-axis.
The linearized boundary value problem is then

2

% + \y = F(z), subject to y(0) = y(I) = 0. (4.6)

We can solve this using the variation of parameters formula, (1.6), which gives
x

1
y(z) = Acos A2z + Bsin \Y2z + —— [ F(s)sin \Y?(z — 5) ds.

A\L/2 0
To satisfy the boundary condition y(0) = 0 we need A = 0, whilst y(I) = 0 gives

l

1
Bsin \Y/2] + iz F(s)sin A\Y2(z — 5)ds = 0. (4.7
0

When ) is not an eigenvalue, sin A'/2] # 0, and (4.7) has a unique solution

1

B = —Stmamaia

!
/ F(s)sin \"2(z — s) ds.
0
However, when A is an eigenvalue, we have sin A\'/2] = 0, so that there is a solution
for arbitrary values of B, namely

x

. 1 .
y(z) = Bsin A%z + A2 g F(s)sin \'?(z — ) ds, (4.8)

provided that
l
/ F(s)sin A\Y2(1 = s)ds = 0. (4.9)
0

If F(s) does not satisfy this integral constraint there is no solution.

These cases, where there may be either no solution or many solutions depending
on the form of F(z), are in complete contrast to the solutions of an initial value
problem, for which, as we shall see in Chapter 8, we can prove theorems that guar-
antee the existence and uniqueness of solutions, subject to a few mild conditions
on the form of the ordinary differential equation. This situation also arises for any
system that can be written in the form Ax = b, where A is a linear operator. A fa-
mous result (see, for example, Courant and Hilbert, 1937) known as the Fredholm
alternative, shows that either there is a unique solution of Ax = b, or Ax =0
has nontrivial solutions.
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In terms of the physics of the rotating string problem, if w is not an eigenfre-
quency, for arbitrary forcing of the string there is a unique steady solution. If w
is an eigenfrequency and the forcing satisfies (4.9), there is a solution, (4.8), that
is a linear combination of the eigensolution and the response to the forcing. The
size of B depends upon how the steady state was reached, just as for the unforced
problem. If w is an eigenfrequency and the forcing does not satisfy (4.9) there is no
steady solution. This reflects the fact that the forcing has a component that drives
a response at the eigenfrequency. We say that there is a resonance. In practice, if
the string were forced in this way, the amplitude of the motion would grow linearly,
whilst varying spatially like sin A'/2z, until the nonlinear terms in (4.1) were no
longer negligible.

4.1.1 Solubility

As we have now seen, an inhomogeneous, linear boundary value problem may
have no solutions. Let’s examine this further for the general boundary value prob-
lem

(p(2)y'(2))" + q(x)y(z) = f(x) subject to y(a) = y(b) = 0. (4.10)

If u(x) is a solution of the homogeneous problem, so that (p(z)u’(z)) +q¢(x)u(z) = 0
and u(a) = u(b) = 0, then multiplying (4.10) by u(x) and integrating over the
interval [a, b] gives

[ v {e@w @) +awnw) a= [Cwws@a. @

Now, using integration by parts,

using u(a) = u(b) = 0. Integrating by parts again gives

- / p(2)y (@) () da

b b
= @) @)’ + / (Pl (2) y(e) de = / (ol (@) y(z) de,

using y(a) = y(b) = 0. Substituting this into (4.11) gives

/ 4@ {0 @) + ale)ute) } do = / " u(e) (o) da,

and, since u(x) is a solution of the homogeneous problem,

b
/ u(x) f(z)dx = 0. (4.12)
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A necessary condition for there to be a solution of the inhomogeneous boundary
value problem (4.10) is therefore (4.12), which we call a solvability or solubility
condition. We say that the forcing term, f(z), must be orthogonal to the solution
of the homogeneous problem, a terminology that we will explore in more detail in
Section 4.2.3. Note that variations in the form of the boundary conditions will give
some variation in the form of the solvability condition.

4.1.2 The Green’s Function

Let’s now solve (4.10) using the variation of parameters formula, (1.6). This
gives
v )
s=a W(S)
where wu1(x) and wus(x) are solutions of the homogeneous problem and W(z) =

uy (x)ub(z)—uf (x)ug(x) is the Wronskian of the homogeneous equation. The bound-
ary conditions show that

y(x) = Auy (z) + Bus(z) +

{ur(s)uz(x) —ui(x)uz(s)} ds,  (4.13)

Auq (a) + Bug(a) = 0,

b
Auq(b) + Bus(b) = / VJIC/((SS)) {u1(b)ua(s) —ui(s)uz(b)} ds.

Provided that wj(a)usz(b) # uq(b)us(a), we can solve these simultaneous equations
and substitute back into (4.13) to obtain

z) = ’ J(8) {ur(b)ua(s) — ui(s)uz(b)} {ur(a)uz(x) — ui(x)uz(a)} S
y( )—/a W(s) u1(a)uz(b) — ui (b)uz(a) d

“ fs)
+/a W(e) L (s)uz@) = (@)uz(s)} ds (4.14)

This form of solution, although correct, is not the most convenient one to use.
To improve it, we note that the functions vi(z) = wui(a)us(z) — ui(z)uz(a) and
va(z) = uy(b)ua(z) — ui(x)ug(b), which appear in (4.14) as a product, are linear
combinations of solutions of the homogeneous problem, and are therefore them-
selves solutions of the homogeneous problem. They also satisfy v1(a) = va(b) = 0.
Because of the way that they appear in (4.14), it makes sense to look for a solution
of the inhomogeneous boundary value problem in the form

b
y(x)z/ f(8)G(x,s)ds, (4.15)

where

G(x,s) = { v1(s)ve(z) = G (x,s) fora<s<uw,

vi(x)ve(s) = G (x,s) forxz <s<b.

The function G(z, s) is known as the Green’s function for the boundary value
problem. From the definition, it is clear that G is continuous at s = x, and that
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y(a) = y(b) = 0, since, for example, G=(a,s) =0 and y(a) = f; G- (a,s)f(s)ds =
0. If we calculate the partial derivative with respect to x, we find that
C
Gao(z,s =17) = Gulw,s = 27) = vi(2)vh(w) — vi(2)va(z) = W = @)

where, using Abel’s formula, C' is a constant.

For this to be useful, we must now show that y(x), as defined by (4.15), actually
satisfies the inhomogeneous differential equation, and also determine the value of
C. To do this, we split the range of integration and write

x b
y(z) = / G (z,5)f(s)ds + / G (2, 5) () ds.

If we now differentiate under the integral sign, we obtain

x b
y'(m):/ G<,I(x,s)f(s)ds+G<(a;,x)f(x)+/ oo, 8)f(5) ds — G (, 2) £ (2),

where G« , = 0G/0z. This simplifies, by virtue of the continuity of the Green’s
function at x = s, to give

x b
y(z) = / Gaalr,5) f(5)ds + / Gl 5) f(5) ds

b

— / zful(s)vgm(z) f(s)ds + /x v1z(2)v2(s) f(s) ds,

and hence

(') = /m v1(8) (P22 )2 f(8) ds + p(z) o1 (2)v2e (2) f (2)

b
+ / (po12)2v2(s) £(5) ds — p(x)vrs (202 () f(2)

b

_ / " 01() (pvse)a £(5) ds + / (pora)va(s) F(5) ds + Cf (),

x
using the definition of C. If we substitute this into the differential equation (4.10),
(py") + qy = f, we obtain

b

[ o mas@ ds+ [ Guawns)f()ds + ()

x b
+q<x>{ / or(s)vs(2) £(5) ds + / v1<x>v2<s>f<s>ds}:f<m>.

Since v; and vs are solutions of the homogeneous problem, the integral terms vanish
and, if we choose C' = 1, our representation provides us with a solution of the
differential equation.
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As an example, consider the boundary value problem

y"(x) —y(x) = f(z) subject to y(0) = y(1) = 0.

The solutions of the homogeneous problem are e~* and e®. Appropriate combi-

nations of these that satisfy v1(0) = v2(1) = 0 are v1(z) = Asinhz and vy(z) =
Bsinh(1 — z), which gives the Green’s function

Glo,s) = ABsinh(1 — z)sinhs for 0 < s < z,
T8 = ABsinh(1 — s)sinhz  for x < s < 1,

which is continuous at s = x. In addition,

Ge(z,s=1") = Gp(z,s =a™)

= —ABcosh(1 — z)sinhz — ABsinh(1 — z) coshz = —ABsinh 1.
Since p(z) = 1, we require AB = —1/sinh 1, and the final Green’s function is

sinh(1 — ) sinh s
sinh 1

for0<s<u,
G(x,s) =
_ sinh(1 — s) sinhx
sinh 1

The solution of the inhomogeneous boundary value problem can therefore be written
as

for r < s < 1.

B “’ sinh(1 — z) sinh s ! sinh(1 — s)sinhx
ylz) = /0 /() sinh 1 ds /x /() sinh 1 ds

We will return to the subject of Green’s functions in the next chapter.

4.2 The Solution of Boundary Value Problems by Eigenfunction
Expansions

In the previous section, we developed the idea of a Green’s function, with which we
can solve inhomogeneous boundary value problems for linear, second order ordinary
differential equations. We will now develop an alternative approach that draws
heavily upon the ideas of linear algebra (see Appendix 1 for a reminder). Before
we start, it is useful to be able to work with the simplest possible type of linear
differential operator.

4.2.1 Self-Adjoint Operators
We define a linear differential operator, L : C?[a,b] — Cla,b], as being in self-
adjoint form if

L= (st ) +ato) (4.16)
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where p(z) € C'[a,b] and is strictly nonzero for all z € (a,b), and q(x) € Cla, b].
The reasons for referring to such an operator as self-adjoint will become clear later
in this chapter.
This definition encompasses a wide class of second order differential operators.
For example, if
d? d
1
L' =as(x )d 2+a1( )dm—l—ao(x) (4.17)
is nonsingular on [a,b], we can write it in self-adjoint form by defining (see Exer-
cise 4.5)

o[ ). = (] 8).

Note that p(z) # 0 for € [a,b]. By studying inhomogeneous boundary value
problems of the form Ly = f, or

2 (r0 ) +atary = f10), (4.19)

we are therefore considering all second order, nonsingular, linear differential oper-
ators. For example, consider Hermite’s equation,

d?y dy
—2z— 4+ Ay =0, 4.20
Tz oy TN = (4.20)
for —oo < & < oo. This is not in self-adjoint form, but, if we follow the above
procedure, the self-adjoint form of the equation is

d 22y _x_
dx( dﬁ)ﬂ 0.

z2/2

This can be simplified, and kept in self-adjoint form, by writing u = e~ Y, to
obtain

d?u

Tz (22 — Du = —u. (4.21)

4.2.2 Boundary Conditions
To complete the definition of a boundary value problem associated with (4.19),
we need to know the boundary conditions. In general these will be of the form

ary(a) + agy(b) + azy’(a) + auy’(b) = 0,
(4.22)
Bry(a) + B2y(b) + B3y’ (a) + Bay'(b) = 0.

Since each of these is dependent on the values of y and y’ at each end of [a,b],
we refer to these as mixed or coupled boundary conditions. It is unnecessarily
complicated to work with the boundary conditions in this form, and we can start
to simplify matters by deriving Lagrange’s identity.
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Lemma 4.1 (Lagrange’s identity) If L is the linear differential operator given
by (4.16) on [a,b], and if y1, y2 € C?[a,b], then

yi (Ly2) = y2 (Lyr) = [p (195 — viw2)] - (4.23)
Proof From the definition of L,

y1 (Ly2) — y2 (Ly1) = 1 [(pyé)' + qyz} — Yo [(py'l)' + qyl}
=y (pyh) — y2 (1) = w1 (0 + ') — v (0 + 1'y})

=9 (1l — yiy2) + 0 vy — yiy2) = [P (nivh — vive)] -
O

Now recall that the space Cla,b] is a real inner product space with a standard

inner product defined by
b
~ [ f@g(o)do

If we now integrate (4.23) over [a, b] then

(y1, Ly2) — (Lyr, y2) = [p (y1vh — yiwe)]s - (4.24)

This result can be used to motivate the following definitions. The adjoint operator
to T, written T, satisfies (y1, Tya) = (Ty1,y2) for all y; and y,. For example, let’s
see if we can construct the adjoint to the operator

d? d

D=— —+6

a2 Vg T
with v, § € R, on the interval [0, 1], when the functions on which D operates are
zero at x = 0 and x = 1. After integrating by parts and applying these boundary
conditions, we find that

1
(61, Déa) = /0 61 (04 + 6% +862) dw = [616%] / &b do
1 1 1
+{7¢1¢2}0—/0 ’Y¢/1¢2d9€+/0 012 dx

1 1
~[otas], /wm /7¢i¢2dw+/0 561y dix = (Db b2),

0
where

_ d? d
DE— 6.
dx? ’de+
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A linear operator is said to be Hermitian, or self-adjoint, if (y;,Ty2) =
(T'y1,y2) for all y; and yo. It is clear from (4.24) that L is a Hermitian, or self-
adjoint, operator if and only if

b
[p(ylyé —1y2)| =0,

a

and hence

p(b) {y1 (D)5 (b) — 11 (D)y2(b)} — p(a) {y1(a)yz(a) — yi(a)ya(a)} = 0.  (4.25)

In other words, whether or not L is Hermitian depends only upon the boundary
values of the functions in the space upon which it operates.
There are three different ways in which (4.25) can occur.

(1) p(a) = p(b) = 0. Note that this doesn’t violate our definition of p as strictly
nonzero on the open interval (a,b). This is the case of singular boundary
conditions.

(i1) p(a) = p(b) # 0, y;(a) = y;(b) and y.(a) = y;(b). This is the case of periodic
boundary conditions.

(il) aryi(a) + asyi(a) = 0 and B1y:(b) + B2y, (b) = 0, with at least one of the «;
and one of the ; nonzero. These conditions then have nontrivial solutions
if and only if

yi(a)ys(a) — yi(a)ya(a) =0, 1 (b)ya(b) — v (b)ya(b) =0,
and hence (4.25) is satisfied.

Conditions (iii), each of which involves y and 3’ at a single endpoint, are called
unmixed or separated. We have therefore shown that our linear differential
operator is Hermitian with respect to a pair of unmixed boundary conditions. The
significance of this result becomes apparent when we examine the eigenvalues and
eigenfunctions of Hermitian linear operators.

As an example of how such boundary conditions arise when we model physical
systems, consider a string that is rotating (as in the example at the start of this
chapter) or vibrating with its ends fixed. This leads to boundary conditions y(0) =
y(a) = 0 — separated boundary conditions. In the study of the motion of electrons
in a crystal lattice, the periodic conditions p(0) = p(I), y(0) = y(I) are frequently
used to represent the repeating structure of the lattice.

4.2.3 Eigenvalues and Eigenfunctions of Hermitian Linear
Operators
The eigenvalues and eigenfunctions of a Hermitian, linear operator L are the
nontrivial solutions of Ly = Ay subject to appropriate boundary conditions.

Theorem 4.1 FEigenfunctions belonging to distinct eigenvalues of a Hermitian lin-
ear operator are orthogonal.
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Proof Let y; and yo be eigenfunctions that correspond to the distinct eigenvalues
A1 and Az. Then

(Ly1,y2) = (My1, y2) = A (1. 92),

and

(Y1, Ly2) = (Y1, Aay2) = A2 (Y1, ¥2),

so that the Hermitian property (Lyi,y2) = (y1, Ly2) gives
(A1 = A2) (y1,92) = 0.

Since A1 # Aa, (y1,y2) =0, and y; and y, are orthogonal. |

As we shall see in the next section, all of the eigenvalues of a Hermitian linear
operator are real, a result that we will prove once we have defined the notion of a
complex inner product.

If the space of functions C?[a,b] were of finite dimension, we would now argue
that the orthogonal eigenfunctions generated by a Hermitian operator are linearly
independent and can be used as a basis (or in the case of repeated eigenvalues,
extended into a basis). Unfortunately, C?[a,b] is not finite dimensional, and we
cannot use this argument. We will have to content ourselves with presenting a
credible method for solving inhomogeneous boundary value problems based upon
the ideas we have developed, and simply state a theorem that guarantees that the
method will work in certain circumstances.

4.2.4 Eigenfunction Expansions
In order to solve the inhomogeneous boundary value problem given by (4.19) with
f € Cl[a,b] and unmixed boundary conditions, we begin by finding the eigenvalues

and eigenfunctions of L. We denote these eigenvalues by A1, Ao, ... Ay, ..., and
the eigenfunctions by ¢1(x), ¢a(x),... ,dn(x),... . Next, we expand f(x) in terms
of these eigenfunctions, as
F@) =S endn(a). (4.26)
n=1

By making use of the orthogonality of the eigenfunctions, after taking the inner
product of (4.26) with ¢,,, we find that the expansion coeflicients are

_ {fion)
= o g (4.27)

Next, we expand the solution of the boundary value problem in terms of the eigen-
functions, as

y(x) = dnon(z), (4.28)
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and substitute (4.27) and (4.28) into (4.19) to obtain

LYy dmn(w)l = catn().
n=1 n=1
From the linearity of L and the definition of ¢,, this becomes
Z dnAndn(z) = Z Cnn(T).
n=1 n=1

We have therefore constructed a solution of the boundary value problem with d,, =
€n/An, if the series (4.28) converges and defines a function in C?[a, b]. This process
will work correctly and give a unique solution provided that none of the eigenvalues
Apn is zero. When A, = 0, there is no solution if ¢,, # 0 and an infinite number of
solutions if ¢,, = 0, as we saw in Section 4.1.

Ezxample

Consider the boundary value problem

—y"” = f(x) subject to y(0) = y(r) = 0. (4.29)
In this case, the eigenfunctions are solutions of

y" 4+ Ay =0 subject to y(0) = y(7) =0,

which we already know to be )\, = n?, ¢,(x) = sinnz. We therefore write
oo
flz) = Z ¢ Sinne,
n=1
and the solution of the inhomogeneous problem (4.29) is
¢
_ n
y(x) = ; 3 sinna.

In the case f(x) = z,

Jo wsinnzdr  2(—1)"+!

Cn = - )
" foﬂ sin® nz dz n
so that
o0
(71)n+1 .
=2 -—— .
y(x) n; 3 innx

We will discuss the convergence of this type of series, known as a Fourier series, in
detail in Chapter 5.

This example is, of course, rather artificial, and we could have integrated (4.29)
directly. There are, however, many boundary value problems for which this eigen-
function expansion method is the only way to proceed analytically, such as the
example given in Section 3.9.1 on Bessel functions.
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Ezample

Consider the inhomogeneous equation
(1—a2?)y" —2zy+2y = f(z) on —1 <2 <1, (4.30)

with f € C[-1,1], subject to the condition that y should be bounded on [—1,1].
We begin by noting that there is a solubility condition associated with this problem.
If u(x) is a solution of the homogeneous problem, then, after multiplying through
by u and integrating over [—1,1], we find that

1

u(t =], - [ -2, = [ u@i)de

-1

If u and y are bounded on [—1, 1], the left hand side of this equation vanishes, so
that f_ll u(z)f(xz)dr = 0. Since the Legendre polynomial, u = Pj(x) = =z, is the
bounded solution of the homogeneous problem, we have

/_1 Py(2)f(z) dz = 0,

Now, to solve the boundary value problem, we first construct the eigenfunction
solutions by solving Ly = Ay, which is

(1 —2?)y" =22y +(2 - Ny =0.

The choice 2 — A = n(n+ 1), with n a positive integer, gives us Legendre’s equation
of integer order, which has bounded solutions y,(z) = P,(z). These Legendre
polynomials are orthogonal over [—1,1] (as we shall show in Theorem 4.4), and
form a basis for C[—1,1]. If we now write

f(x) = Z Aum(x),

m=0

where A; = 0 by the solubility condition, and then expand y(z) = Y_°_; By P (),
we find that

{2—-m(m+1)} B, = A,, form > 0.

The required solution is therefore

y(x) = %AQ +B1P1(I) + Z H;tz_’_l)Pm(fE),

m=2

with By an arbitrary constant.
Having seen that this method works, we can now state a theorem that gives the
method a rigorous foundation.

Theorem 4.2 If L is a nonsingular, linear differential operator defined on a closed
interval [a,b] and subject to unmized boundary conditions at both endpoints, then
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(i) L has an infinite sequence of real eigenvalues \g, A1, ... , which can be or-
dered so that

Aol < [Ai]l < - <|An] <+
and
lim |A,| = occ.

(ii) The eigenfunctions that correspond to these eigenvalues form a basis for
Cla,b], and the series expansion relative to this basis of a piecewise con-
tinuous function y with piecewise continuous derivative on [a,b] converges
uniformly to y on any subinterval of [a,b] in which y is continuous.

We will not prove this result here.t Instead, we return to the equation, Ly = Ay,
which defines the eigenfunctions and eigenvalues. For a self-adjoint, second order,
linear differential operator, this is

2= (10 %) + ataly = (4.31)

which, in its simplest form, is subject to the unmixed boundary conditions

ay(a) + agy'(a) =0, Bry(b) + B2y'(b) =0, (4.32)

with o + a3 > 0 and 87 + 35 > 0 to avoid a trivial condition. This is an example
of a Sturm—Liouville system, and we will devote the rest of this chapter to a
study of the properties of the solutions of such systems.

4.3 Sturm—Liouville Systems

In the first three chapters, we have studied linear second order differential equations.
After examining some solution techniques that are applicable to such equations in
general, we studied the particular cases of Legendre’s equation and Bessel’s equa-
tion, since they frequently arise in models of physical systems in spherical and
cylindrical geometries. We saw that, in each case, we can construct a set of orthog-
onal solutions that can be used as the basis for a series expansion of the solution of
the physical problem in question, namely the Fourier-Legendre and Fourier—Bessel
series. In this chapter we will see that Legendre’s and Bessel’s equations are exam-
ples of Sturm—Liouville equations, and that we can deduce many properties of
such equations independent of the functional form of the coefficients.

4.3.1 The Sturm—Liouville Equation
Sturm-Liouville equations are of the form

(p(2)y' () + g()y(x) = =Ar(z)y(z), (4.33)

t For a proof see Ince (1956).
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which can be written more concisely as
Sy(x,\) = =Ar(z)y(z, N), (4.34)

where the differential operator S is defined as

Sp = % (p(x)jj) + q(x)o. (4.35)

This is a slightly more general equation than (4.31). In (4.33), the number X is
the eigenvalue, whose possible values, which may be complex, are critically depen-
dent upon the given boundary conditions. It is often more important to know the
properties of A than it is to construct the actual solutions of (4.33).

We seek to solve the Sturm—Liouville equation, (4.33), on an open interval, (a, b),
of the real line. We will also make some assumptions about the behaviour of the
coefficients of (4.33) for x € (a,b), namely that

(i) p(x), g(x) and r(z) are real-valued and continuous,
(ii) p(z) is differentiable, (4.36)
(iii) p(zx) >0 and r(z) > 0.

T
xT

Some Examples of Sturm—Liouville Equations

Perhaps the simplest example of a Sturm—Liouville equation is Fourier’s equa-
tion,

Yy (x, \) = =dy(z, N), (4.37)

which has solutions cos(zv/A) and sin(zv/A). We discussed a physical problem that
leads naturally to Fourier’s equation at the start of this chapter, and we will meet
another at the beginning of Chapter 5.
We can write Legendre’s equation and Bessel’s equation as Sturm—Liouville prob-
lems. Recall that Legendre’s equation is
d?y 2¢  dy A

d?  1—a2ds  1—ax29 "
and we are usually interested in solving this for —1 < x < 1. This can be written
as

0,

(1 —2%)y) =y
If A =n(n+ 1), we showed in Chapter 2 that this has solutions P,(x) and @, (z).
Similarly, Bessel’s equation, which is usually solved for 0 < x < a, is
22y 4+ zy + (A2 —v?)p = 0.

This can be rearranged into the form

Y V2
(w)*;w:fmy

Again, from the results of Chapter 3, we know that this has solutions of the form

J, (V) and Y, (zvV/N).
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Although the Sturm—Liouville forms of these equations may look more cumber-
some than the original forms, we will see that they are very convenient for the
analysis that follows. This is because of the self-adjoint nature of the differential
operator.

4.3.2 Boundary Conditions

We begin with a couple of definitions. The endpoint, z = a, of the interval (a, b)
is a regular endpoint if @ is finite and the conditions (4.36) hold on the closed
interval [a, c] for each ¢ € (a,b). The endpoint x = a is a singular endpoint if
a = —oo or if a is finite but the conditions (4.36) do not hold on the closed interval
[a, c] for some ¢ € (a,b). Similar definitions hold for the other endpoint, z = b. For
example, Fourier’s equation has regular endpoints if a and b are finite. Legendre’s
equation has regular endpoints if —1 < a < b < 1, but singular endpoints if a = —1
or b = 1, since p(x) = 1 — 2% = 0 when = £1. Bessel’s equation has regular
endpoints for 0 < a < b < oo, but singular endpoints if a = 0 or b = oo, since
q(x) = —v?/x is unbounded at x = 0.

We can now define the types of boundary condition that can be applied to a
Sturm—Liouville equation.

(i) On a finite interval, [a,b], with regular endpoints, we prescribe unmixed, or
separated, boundary conditions, of the form

aoy(a, A) + ary'(a,A) =0, Boy(b,A) + A1y’ (b, A) = 0. (4.38)

These boundary conditions are said to be real if the constants «g, a1, G
and 3 are real, with a2 + a2 > 0 and 32 + 57 > 0.

(ii) On an interval with one or two singular endpoints, the boundary conditions
that arise in models of physical problems are usually boundedness condi-
tions. In many problems, these are equivalent to Friedrichs boundary
conditions, that for some ¢ € (a,b) there exists A € RT such that

ly(z,\)| < A for all z € (a, (],

and similarly if the other endpoint, z = b, is singular, there exists B € RT
such that

ly(x,\)| < B for all z € [, ).

We can now define the Sturm—Liouville boundary value problem to be the
Sturm—Liouville equation,

(p(x)y ()" + q(@)y(z) = =Ar(z)y(z) for x € (a,b),

where the coefficient functions satisfy the conditions (4.36), to be solved subject to a
separated boundary condition at each regular endpoint and a Friedrichs boundary
condition at each singular endpoint. Note that this boundary value problem is
homogeneous and therefore always has the trivial solution, y = 0. A nontrivial
solution, y(x, A) # 0, is an eigenfunction, and A is the corresponding eigenvalue.
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Some Ezamples of Sturm—Liouville Boundary Value Problems

Consider Fourier’s equation,
y"(z,\) = =Xy(z,\) for z € (0,1),

subject to the boundary conditions y(0,A) = y(1,\) = 0, which are appropriate
since both endpoints are regular. The eigenfunctions of this system are sin v/ A,x
forn=1,2,..., with corresponding eigenvalues A = \,, = n?z2.

Legendre’s equation is
{(1-2%)y (=, )\)}/ = —My(z,\) forz e (—1,1).

Note that this is singular at both endpoints, since p(£1) = 0. We therefore apply
Friedrichs boundary conditions, for example with ¢ = 0, in the form

ly(z, \)| < A for z € (—1,0], |y(z,\)| < B forxz €]0,1),

for some A, B € RT. In Chapter 2 we used the method of Frobenius to construct the
solutions of Legendre’s equation, and we know that the only eigenfunctions bounded
at both the endpoints are the Legendre polynomials, P, (x) forn =0,1,2,... , with
corresponding eigenvalues A = A, = n(n + 1).

Let’s now consider Bessel’s equation with v = 1, over the interval (0, 1),

(zy') = £ = —Aay.

Because of the form of g(x), = 0 is a singular endpoint, whilst = 1 is a regular
endpoint. Suitable boundary conditions are therefore

ly(z, )| < A for z € (0,3], y(1,)) =0,

for some A € R*. In Chapter 3 we constructed the solutions of this equation using
the method of Frobenius. The solution that is bounded at z = 0 is Jy (zv/A). The
eigenvalues are solutions of

Ji(v/2n) =0,

which we write as A = A2, A3, ..., where J1()\,) = 0.
Finally, let’s examine Bessel’s equation with v = 1, but now for z € (0, c0).
Since both endpoints are now singular, appropriate boundary conditions are

ly(z,\)| < A for x € (0,%]7 ly(z,\)| < B for z € [%,oo),

for some A, B € RT. The eigenfunctions are again .J; (LL‘\/X), but now the eigenval-
ues lie on the half-line [0, 00). In other words, the eigenfunctions exist for all real,
positive A. The set of eigenvalues for a Sturm-Liouville system is often called the
spectrum. In the first of the Bessel function examples above, we have a discrete
spectrum, whereas for the second there is a continuous spectrum. We will
focus our attention on problems that have a discrete spectrum only.
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4.3.3 Properties of the Eigenvalues and Eigenfunctions
In order to further study the properties of the eigenfunctions and eigenvalues,
we begin by defining the inner product of two complex-valued functions over an

interval I to be
(¢1( / #1 () pa(x

where a superscript asterisk denotes the complex conjugate. This means that the
inner product has the properties

(i) (@1, 02) = (P2, ¥1)%,

(i) (a1¢1,a202) = ajaz(¢1, ¢2),

(iii) <¢1,¢2 + ¢3) = (P1, 2) + (D1, 93), (D1 + P2, P3) = (01, P3) + (P2, P3),
(iv) (¢, ¢) = [;|¢|* dz > 0, with equality if and only if ¢(z) =0 in I.

Note that this reduces to the definition of a real inner product if ¢, and ¢, are real.

If (@1, ¢2) = 0 with ¢ £ 0 and ¢2 # 0, we say that ¢ and ¢ are orthogonal.
Let y1(2), y2(z) € C?[a,b] be twice-differentiable complex-valued functions. By

integrating by parts, it is straightforward to show that (see Lemma 4.1)

B
(W2, Sy1) = (S, 1) = [p@{ @ W3 @) =i @3 (@) }] (4.39)

which is known as Green’s formula. The in